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Normal Form Games
fDeﬁnition 1. A normalor strategic form gameonsists of: T

1. N, afinite set of players. (We abusively also & denote
the number of players.)

2. For each playem € N, a finite set of pure strategi&g, with
S= XnpeNSh.
3. For each playem € N, a payoff functioru, : S— R.



Normal Form Games

fDefinition 2. A mixed strategy for Playan in a normal form T
game is a probabillity distribution over the player’s puratgies.
We denote the set of Playrs mixed strategie&,, and call it
Playern’s mixed strategy space and deflhe- x,cn2n the mixed
strategy space. We denote a typical elemertdy o, and a
typical element ok by 0 = (01,02,...,0N).

We extend the function U, to 2 linearly, that is, by taking
expectations, and indeed to x (S, UZp).



Normal Form Games

-

Definition 3. Given a gaméN, S u), a mixed strategy profile T
(03,05%,...,0y) is aNash equilibriumf for eachn € N and each

Sh € S,

Un(07,05,...,0n,00:1---,0N)

> Un(07,0%,...,%,08115---,0N) -



Normal Form Games

fRather than speaking directly of utilities we can define what it T
means to be a best reply to what the other players are playing.

Definition 4. Given a gamé&N, S u), with %, the mixed strategy
space of Playem andZ the space of mixed strategy profiles. Then
thebest reply correspondence of PlayelBR,: 2 — 2, 1S

defined as

BR1(O-17°°°7O-N) — {Tn < zn’un(()-l)"'a-[na"')o-N)
> Un(01,...,%,--.,0N) fOranys, € Si}.

o |



Normal Form Games

.

Definition 5. Given a gaméN, S u), a mixed strategy profile
(0%,0%,...,0%) is aNash equilibriumif for eachn € N,

-

his allows us to restate the definition of a Nash equilibrium.

0, € BR,(0},03,....,0%).



Normal Form Games

-

fTheorem 1( ( , )). Any finite normal form game
(N, S u) has at least one Nash equilibrium.



Extensive Form Games

-

fThe details of the formal definition of an extensive form game are
a bit cumbersome and we’ll skip it. We shall however briefly list
the notation.

® Afinite set of players, N = {1,2,...,N}. We add an artificial
Player O or Nature.
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Extensive Form Games

-

fThe details of the formal definition of an extensive form game are

a bit cumbersome and we’ll skip it. We shall however briefly list
the notation.

® Afinite set of players, N = {1,2,...,N}. We add an artificial
Player O or Nature.

® A finite set of nodes, X, and X is a game tree, where T C X
IS the set of terminal nodes and Xg is the initial node.

® A set of actions, A. a(X) € Ais the action at the predecessor

of X that leads to X. If X and X are distinct and have the same
predecessor then a(X) #= a(X').
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® A collection of information sets, 4. For all nodes except the
terminal nodes H (X) is the information set containing X. #,
are the information sets of Player n.
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Extensive Form Games

-

® A collection of information sets, 4. For all nodes except the

terminal nodes H (X) is the information set containing X. #,
are the information sets of Player n.

#® We assume that all information sets in % are singletons and

assign a probability p(X) to each node that immediately
follows such singleton information set of Nature.

® For each terminal node t and each Player n we have uq(t),
the payoff or utility of Player n at terminal node t.



Extensive Form Games
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In what follows rather than listing all of the elements of an
extensive form game we shall simply refer to the game [ and
understand that all of these elements are specified.



Extensive Form Games

-

fThe Information partition is said to have perfect recall ( ,

) if the players remember whatever they knew previously,
Including their past choices of moves. In other words, all paths
leading from the root of the tree to points in a single information
set, say Player n's, must intersect the same information sets of
Player n and must display the same choices by Player n.

( ) gave the same definition of perfect recall as Kuhn,
but his formal definition is a little more straightforward. We give the
definition here in the way that Selten did.

o |



Extensive Form Games

—

fDefinition 6. A player is said to have perfect recall if whenever
that player has an information set containing na<asdy and
there is a nod&' of that player that precedes noxléhere is also a
nodesy’ in the same information set asthat precedes nodeand
the action of the player 8t on the path ty is the same as the
action of the player at’ on the path to. If all players have
perfect recall then we say the game has perfect recall.



Extensive Form Games

-

fOne iImplication of perfect recall is that each path from Xg to a
terminal node cuts each information set at most once. In games
without perfect recall we distinguish between linear games, the
games defined by Kuhn, and nonlinear games, an extension by

( ), and later under the name “repetitive games” by
( ), and more recently discussed under the name
“absent-mindedness” by ( ), and,

following Piccione and Rubinstein, by a number of others. In linear
games each play of the game reaches an information set at most
once. In a nonlinear game we remove that restriction.

o |



Extensive Form Games

-

fRecall that we introduced the idea of a strategy earlier saying that
It was a player’s “complete plan of how to play the game.” When
we discuss normal form games we treat strategies as primitives
and so this is an intuitive justification rather than a definition.
When we come to deal with extensive form games a strategy Is
not among the primitive components. Rather it is a derived
concept defined in terms of the primitives.

Definition 7. A pure strategy in an extensive form game for
Playern is a function that maps each of his information sets to
one of the actions available at that information set. We tetiee
set of Playen’s pure strategies b§, and the set of pure strategy
profiles byS= xnenS,

o |



Extensive Form Games
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Having now defined pure strategies we can associate to any
extensive form game some associated normal form game. The
player set is the same; we have just described the strategies, and
for each profile of strategies we obtain a probability distribution
over the terminal nodes—a probability distribution since there may
be moves of nature; if there are no moves of nature then one
terminal node will have probability 1—and hence an expected

utility.

We define a mixed strategy precisely as we do for the normal form.

o |



Extensive Form Games
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Definition 8. A mixed strategy in an extensive form game for
Playern is a probabillity distribution over the player’s pure
strategies. We denote the set of Playsmixed strategies b¥,
and the set of mixed strategy profiles by= xcn2n. We say that
the mixed strategg,, of Playern is completely mixed if

on(S,) > 0 for all s, € S,. We say that the profile = (0y,...,0N)
IS completely mixed ifo,, iIs completely mixed for alh € N.



Extensive Form Games

r

ather than having the player randomise over pure strategies we

-

could have them randomise independently at each information set.

Definition 9. A behaviour strategy in an extensive form game for
Playern is a function that maps each of his information sets to a
probabillity distribution on the actions available at that
Information set. We denote the set of Plagsrbehaviour
strategies bys, and the set of behaviour strategy profiles by

B = xnhenBn. We say that the behaviour strat

of Playernis

completely mixed if at each information Sgtassigns strictly
positive probability to each of the actions available at tha

information set. We say that the proflde= (b, ..

.,bN) IS

completely mixed ifo, is completely mixed for alh.

o



Extensive Form Games
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In nonlinear games we also need to consider randomisations over
behaviour strategies. We can consider such strategies for linear
games, but we do not need to do so.

Definition 10. A general strategy in an extensive form game for
Playern is a probability distribution over the player’s behaviour
strategies. We denote the set of Playsrgeneral strategies by
Gh and the set of general strategy profilesby X nenGe.



Extensive Form Games

- N

We now define what it means for two strategies to be equivalent.
Simply put two strategies of a player are equivalent if, whatever
the other players do, the two strategies induce the same
probability distribution over the terminal nodes.

Definition 11. Two strategies of Player

Xn,Yn € SUBLU2Z,U G, are said to be Kuhn equivalent if for any
strategies of the others , the profiles(x,, x_) and(yn, X_n)

Induce the same probability distributions over the terimuales.

o |



Extensive Form Games

- N

( ) showed that in linear games (the only games he
considered) for any behaviour strategy there is always an

equivalent mixed strategy and that if the player has perfect recall
the converse is also true.

Theorem 2( ( )). In a linear game for any behaviour
strategy R of Player n there exists a mixed strategyof Player n
that is Kuhn equivalent tob If in some extensive form game
Player n has perfect recall then for any mixed strateg\of

Player n there exists a behaviour strategydb Player n that is
Kuhn equivalent t@,.

o |



Admissible and Normal Form Perfect
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Definition 12. In a normal form gaméN, S u) a strategys, € S,
of Playern is admissibleor undominatedf there is no mixed
strategyo, € 2, such that for alb_, € X yjmnSn

Un(gna S—n) Z un(S% S—n)

and for at least one , € X ymznSn

Un(On,t-n) > Un(Sh,ton).



Admissible and Normal Form Perfect

Definition 13. An admissible equilibrium is a Nash equilibriuon

such that for alhin N if o,(s,) > O thens, is admissible, that is a
Nash equilibrium in which only admissible strategies asgypt

with positive probability.



Admissible and Normal Form Perfect

fThis seems a mild requirement. A slightly stronger refinement is T
that of normal form perfection.

Definition 14. A completely mixed strategy profile € 2 Is a
e-perfect equilibrium ife > 0 and for alln € N and alls,,t, € $, If
Un(Sh,0_n) < Un(th,0_pn) thenop(s,) < €. A strategy profiles € &
IS a normal form perfect equilibrium if there is a sequence of
strategy profile®' — o and positive numbers — 0 with o' a
et-perfect equilibrium.



Admissible and Normal Form Perfect
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( ) proved the following theorem.

Theorem 3( ( )). For any finite normal form game
(N, S u) there is at least one normal form perfect equilibrium.



Admissible and Normal Form Perfect
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We give two results relating the two concepts we have just
defined.

Theorem 4( ( )). For any finite normal form
game(N, S u) if o is a normal form perfect equilibrium themis
admissible.

Theorem 5( ( )). For any finite two player
normal form gamé&N, S u) if o is admissible thew is a normal
form perfect equilibrium.

Thus, in two player games the two concepts coincide.

o |



Backward Induction

- N

Definition 15. Given an extensive form ganiea subgamé&’ of

[ consists of some node bfand all nodes following it, together
with those structures that pertain to those nodes such dlcat e
iInformation set of” is either completely i’ or completely
outside it

Since we may take the starting node of the subgame to be Xg the
Initial node of the original game this means that for any extensive
form game I the whole game [ is one of the subgames of I'. It
may be the only subgame but often there are others.

o |
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Backward Induction
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Backward Induction
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Definition 16. In an extensive form gamewith perfect recall a
subgame perfect equilibrium a profile of behaviour strategies
such that for every subgame the partboélevant to the subgame
constitute an equilibrium of the subgame.

The fact that the whole game is one of the subgames means that
a subgame perfect equilibrium is an equilibrium. It is
straightforward to see that every finite game with perfect recall has
a subgame perfect equilibrium. It is also true that with the
appropriate definition every finite extensive form game has a
subgame perfect equilibrium.

o |



Backward Induction
| -

The definition we have given is for games with perfect recall.
There is nothing about the idea of subgame perfect equilibria that
requires perfect recall, though, of course, such a concept cannot
be defined in terms of behaviour strategies—in games without
perfect recall there may be no equilibria in behaviour strategies.

How to formulate such a definition is here left as an exercise for
the reader.



Backward Induction
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Definition 17. A completely mixed behaviour strategy profias
anextensive form perfect equilibriuat ' if there is a sequence
of completely mixed behaviour strategy profil@ssonverging to
b such that for each Playarand each information set of Player
the choices of Playar given by the strategig, are optimal given
the conditional distribution on the information set impligy b'
and the behaviour of all the players givenlhyat the information
sets following that information set.



Backward Induction

-

Definition 18. A completely mixed behaviour strategy profias
a quasi-perfect equilibriunof I" if there Is a sequence of
completely mixed behaviour strategy profildsonverging td
such that for each Playarand each information set of Player
the choices of Playar given by the strategig, are optimal given
the conditional distribution on the information set imgligy b'
and the behaviour of the other players giverbbgnd the
behaviour of Playen given byb, at the information sets
following that information set.

-

Quasi-perfect equilibria were defined by ( ).

o |



Backward Induction
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If we compare this to the definition of extensive form perfect
equilibria above we see that the only difference is that the
“mistakes” of the player moving at an information set at later
nodes are taken into account in the definition of extensive form
perfect equilibria and are not taken into account in the definition of
guasi-perfect equilibria.



Backward Induction

-

If we compare this to the definition of extensive form perfect
equilibria above we see that the only difference is that the
“mistakes” of the player moving at an information set at later
nodes are taken into account in the definition of extensive form
perfect equilibria and are not taken into account in the definition of
guasi-perfect equilibria.



Backward Induction
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Theorem 6( ( )). A quasi-perfect equilibrium of
an extensive form game is Kuhn equivalent to a normal form

perfect equilibrium of the associated normal form game, @

an admissible equilibrium.

We say Kuhn equivalent since one is a profile of behaviour
strategies and the other a profile of mixed strategies.

( ) argues that quasi-perfect equilibrium is precisely the right
mixture of admissibility and backward induction.

o |



Backward Induction

f
( ) offers the following game in which the set of
extensive form perfect equilibria and the set of admissible
equilibria have an empty intersection and hence also the set of
extensive form perfect equilibria and set of quasi-perfect equilibria.



Backward Induction




Backward Induction
| -

( ) define the concept of sequential
equilibrium explicitly incorporating beliefs into the definition of
equilibrium.

Definition 19. A system of beliefs gives, for each information
set, a probability distribution over the nodes of that infation
set. An assessment is a péw 1) whereb is a profile of
behaviour strategies anoh system of beliefs.




Backward Induction

- N

Definition 20. Given an assessmefti, 1), the behaviour strategy
b, of Playern is said to besequentially rationalith respect to
that assessment, if at every information set at which a playe
moves, it maximizes the conditional payoff of the playeven

his beliefs at that information set and the strategies obther
players.

Definition 21. The assessme(, 1) said to beconsistentf there
is a sequence of completely mixed behaviour strategy psdfile
converging td such the the beliefd obtained fronb' as
conditional probabillities converge b

o |




Backward Induction
| -

Definition 22. An assessmertb, 1) is asequential equilibriunif
the strategy of each player is sequentially rational wipest to
the assessment and the assessment is consistent.

If (b.0) is a sequential equilibrium for some beliefs U then we shall
say that b is a sequential equilibrium strategy profile.



Backward Induction

-

fSequential equilibrium is a weakening of both extensive form
perfect equilibrium and of quasi-perfect equilibrium.

Theorem 7( ( ); ( ).
Given an extensive form game with perfect recall if b is an
extensive form perfect equilibrium then b is a sequential
equilibrium strategy profile. Similarly if b is an quasi-pect
equilibrium then b is a sequential equilibrium strategy fideo



Backward Induction

- N

But not much of a weakening. If we fix the extensive form, that is
the game without the payoffs we can think of the space of games

with this extensive form as some finite dimensional real space, RX
for some K.

Theorem 8( ( ); ( ).
For any extensive form, except for a closed set of payofts/r
dimension than the set of all possible payoffs, the sets of
sequential equilibrium strategy profiles and extensiveifor
perfect equilibrium strategy profiles coincide.

o |



Backward Induction
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And similarly.

Theorem 9( ( );

( )). For any extensive form, except for a closed set of payoffs
of lower dimension than the set of all possible payoffs, #ig f
sequential equilibrium strategy profiles and quasi-perfec
equilibrium strategy profiles coincide.



Aside: Real Algebraic Geometry
-

fThe last two results are proved using techniques from real
algebraic geometry, the mathematics of the semi-algebraic sets
that Sylvain spoke of yesterday. It is not obvious from the little that
Sylvain said that the various sets that we define are
semi-algebraic, that is are defined by a finite number of polynomial
equalities and inequalities. In fact they don’t seem to be, involving
statements about the limit of infinite sequences. However the
Tarski-Seidenberg Theorem ( , , , )
shows that they are.



Aside: Real Algebraic Geometry
-

fA first-order formula is an expression involving variables and
constants, the quantifiers V and 4, the logical operators A, V, and
—, the operations +, —, -, and /, and the relations =, >, and <.
Variables in a first-order formula which are quantified are bound,
while unbound variables are free. By definition, X C R" is
semi-algebraic if and only if it is defined by a first-order formula
with n free variables and no bound variables. However, the
Tarski-Seidenberg Theorem states that every first-order formula
with n free variables is equivalent to a first-order formula with n
free variables and no bound variables and hence all sets defined
by first-order formulas are semi-algebraic.

o |



Aside: Real Algebraic Geometry
-

fAn Implication of the Tarski-Seidenberg Theorem is that all of the
sets, functions, correspondences, and so on, that we have defined
are in fact semi-algebraic.



Backward Induction

-

fWe turn again to normal for games, though we shall soon see the
relevance to the extensive form. ( ) suggested a
strengthening of normal form perfect equilibrium, which he called
proper equilibrium,

Definition 23. An e-proper equilibriumis a completely mixed
strategy vector such that for each player if, given the atyiats of
the others, one strategy Iis strictly worse than anothem, tifne
first strategy is played with probability at mastimes the
probability with which the second is played. In other wonu®re
costly mistakes are made with lower frequency. A strategfiler
IS aproper equilibriumif it is the limit of a sequence af-proper
equilibria ass goes to 0.

o |



Backward Induction
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Theorem 10( ( )). Every finite game has at least
one proper equilibrium of its normal form. Every proper
equilibrium is normal form perfect, and hence admissible.



Backward Induction

-

|7Whi|e proper equilibrium is defined in terms of the normal form it
does, in fact, have implications for the analysis of extensive form
games.

Theorem 11( ( ). For any normal form game
and any extensive form game having that normal form, any
proper equilibrium of the normal form game is Kuhn equivélen
to a quasi-perfect equilibrium of the extensive form game.

In the light of Theorem 7, this implies that any proper equilibrium

IS Kuhn equivalent to a sequential equilibrium strategy, a result
proved independently by ( : ).

o |



Backward Induction
A

Theorem 12( ((599);

( )). An equilibriumo of a normal form game G is proper if
and only If there exists a sequence of completely mixedegied
{c'} with limit o such that for any extensive form gaméaving
the normal form G, for any sufficiently smalt> O, for sufficiently
large t, some behaviour strategy corresponding'tis an
e-quasi-perfect equilibrium df.

partial result in the other direction also holds. T



.

Backward Induction

he full converse is false; it is not true that an equilibrium that is

-

guasi-perfect in any extensive form game with a given normal form
IS necessarily proper in that normal form.
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Invariance

fR ) had -

ight from the start (
argued that the normal form encompassed all the relevant
Information about a game. ( ), and
later and more strongly, ( : : , ), have

argued for even more. Kohlberg and Mertens argue that since the
players can, in any case already play mixed strategies it should
not matter if we add an existing mixed strategy as a new pure
strategy. We would, in fact just be saying twice that the player
could play this mixed strategy. Thus the solution should depend
only the reduced normal form, the normal form when all strategies
equivalent to mixtures of other strategies have been removed.
This property is called reduced normal form invariance.

o |



Invariance
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Mertens goes further adding that if two games have the same best
reply correspondence then their solutions should be the same,
and even that if the best reply correspondences of two games
were the same on the interior of the strategy space—that is, on the
admissible best erply correspondence—then the solutions of the
game should be the same. He terms these properties ordinality.



Invariance

- N

| find this argument convincing, but shall not address it here.
Rather, I'll just point out two things. First, that Nash equilibrium
and normal form perfect equilibrium satisfy reduced normal form
Invariance and even ordinality define in terms of the best reply
correspondence, while normal form perfect equilibria also satisfy
ordinality defined with the admissible best reply correspondence.
And second that if we also require other properties such as
backward induction that adding the requirement of invariance or
ordinality can substantially increase the implications of those
requirements.

o |



Set-Valued Solutions
- -

We are seeking an answer to the question: What are the
self-enforcing behaviours in a game? As we indicated, the answer
to this question should satisfy the various invariances we
discussed above. We also require that the solution satisfy stronger
forms of rationality than Nash equilibrium and normal form perfect
equilibrium, the two equilibrium concepts that we have said do
satisfy those invariances.



Set-Valued Solutions
- -

In particular, we want our solution concept to satisfy admissibility
that we defined earlier, and some form of the iterated dominance
condition we shall define later, the backward induction condition
we discussed, and the forward induction condition we shall also
define in the next section. We also want our solution to give some

answer for all games.



Set-Valued Solutions
- -

It is impossible for a single valued solution concept to satisfy these
conditions. In fact, two separate subsets of the conditions are
Inconsistent for such solutions. Admissibility and iterated
dominance are inconsistent, as are backward induction and

Invariance.



Set-Valued Solutions
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Set-Valued Solutions




Set-Valued Solutions
- -

Thus it may be that elements of a solution satisfying the
requirements we have discussed would be sets. However we
would not want these sets to be too large. We are still thinking of
each element of the solution as, in some sense, a single pattern of
behaviour. In generic extensive form games we might think of a
single pattern of behaviour as being associated with a single
equilibrium outcome, while not specifying exactly the out of
equilibrium behaviour.



Set-Valued Solutions
- -

One way to accomplish this is to consider only connected sets of
equilibria. In the definition of ( , ) the
connectedness requirement is strengthened in a way that
corresponds, informally, to the idea that the particular equilibrium
should depend continuously on the “beliefs” of the players.
Without a better understanding of exactly what it means for a set
of equilibria to be the solution we cannot say much more. However
some form of connectedness seems to be required.



Forward Induction
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The concept of forward induction was introduced and discussed
by ( ). The precise status of this
concept is not clear in their paper. They do not list “forward
Induction” as one of the requirements for a solution but it seems to
be important in the motivation and stable sets do, in fact, satisfy
their concept of forward induction. The property that Kohlberg and
Mertens call forward induction is the following: “A stable set
contains a stable set of any game obtained by the deletion of a
strategy which is an inferior response in all the equilibria of the
set.” (( : , p. 1029.)

o |



Forward Induction

- N

This is obviously a strong property. For example, it means that if
there are two strategies that are both inferior responses then when
the more preferred of these strategies is deleted and the less
preferred kept the solution should remain stable. Even before this
full strength there are those who have argued against this kind of
requirement. ( ) show how a series of stronger
Implementations of the forward induction like ideas refine the set
of sequential equilibria in signaling games. They argue that the
relatively strong implementations are quite unintuitive.

o |



Forward Induction

- N

We next look at an example of a game that had a large role in the
motivation of the idea of forward induction and show that a
combination of forward induction and reduced normal form

Invariance is sufficient to eliminate the sets of equilibria that do not
satisfy forward induction.



Forward Induction

4.1 0,0 0,0
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Forward Induction

BU|4.1|0,0
BD| 0,014




Forward Induction




Forward Induction

BU |4,1| 0,0
BD|0,0| 1,4

5 3 15
X124 27




Forward Induction

-

fIn a number of games that have been examined in the literature
similar thing occur. At one point | had conjectured that some form
of forward induction was implied by backward induction and
various forms of invariance; | was wrong.
Let us now look at an example of a game in which it will be clear
that we cannot get the full strength of forward induction from
backward induction arguments.
In some ways this game resembles some of the signaling games
that ( ) argue show the unreasonable strength
of stability, and other strong forms of forward induction. It differs in
that the game is unavoidably a three person game, and so the
kind of techniques that work in signaling games cannot be applied.

o |



Forward Induction
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Forward Induction

- N

We consider a final example. This is a two person normal form
game and the forward induction arguments are in terms of iterated

deletion of weakly dominated strategies. | learned this example
from Hari Govindan.

In this example we see an equilibrium that is eliminated by forward
Induction arguments. Nevertheless, the equilibrium is proper, and

remains proper no matter what mixtures are added as new
strategies.

o |



Forward Induction

$|11/01 |1,1
$|10[11 |0 -1
|11 -10|1,1




Strategic Stabllity

f ( ) gave a list of requirements that a T
concept of strategic stability should satisfy. They showed that even
guite weak versions of their requirements implied that the solution
concept should assign sets of equilibria as solutions to the game.
Thus a stability concept is a rule that assigns to each game in the
domain of games under consideration a collection of subsets of
the space of (mixed) strategy profiles of the game. Since the
paper of Kohlberg and Mertens the list of requirements a concept
of strategic stability should satisfy has been modified and
expanded, particularly in the work of ( , ,

,a, : ) The list presented here is a somewhat
modified and expanded version of the original one.
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Strategic Stabllity

Existence. Every game has at least one stable set.
Connectedness. Stable sets are connected.
Admissibility. Consists only of perfect equilibria.
Backward Induction. Contains a proper equilibrium.

Independence of Inadmissible Strategies. One form of the
forward induction idea.

Ordinality. A stability concept is ordinal.

The Small Worlds Axiom Suppose that the players can be
divided into insiders and outsiders, and that the payoffs of the
Insiders do not depend on the strategies of the outsiders. Then
the stable sets of the game between the insiders are precisely
the projection of the stable sets of the larger game.

-
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Strategic Stabllity

f
( ) consider a space of perturbations
such as that defined by ( ), in which each strategy of a
player has attached to it a small probability. Lets assume that all
these probabilities are no more than 0 and call this set P.
Perturbed games are defined in a natural way. (There are a
number of alternative methods.)



Strategic Stabllity
-

Kohlberg and Mertens then define a stable set of equilibria to be a
set of Nash equilibria that is minimal with respect to the property
that all sufficiently small perturbations of the game have equilibria
close to the stable set.

They define a hyperstable set of equilibria to se a set of Nash
equilibria that is minimal with respect to the property that for any
game with the same reduced normal form and for any sufficiently
small perturbation of the payoffs of that game the game has
equilibria close to the stable set.

o |



Strategic Stabllity
-

fThere are some problems with two aspects of these definitions.
The minimality requirement does not achieve exactly what was
Intended, and may be inconsistent with the ordinality requirement.
The attempt to impose invariance in the definition of hyerstability is
also, for reasons that we won’t go into here, not completely
satisfactory.

Thus, we’ll define a KM-stable set of equilibria to be a connected
set of normal form perfect equilibria such that all sufficiently small
perturbations of the game have equilibria close to the stable set.

o |



Strategic Stabllity
B -

Kohlberg and Mertens point out that their original definition does
not satisfy the backward induction property and express the hope
that some modification of that definition will. )The slightly modified
definition we gave above does not satisfy backward induction
either.)

The paper of Kohlberg and Mertens gave one model for definitions
of strategic stability. One defines a space of perturbations.

Defines how each perturbation gives perturbed games, or at least
how one can associate a set of “equilibria” to each perturbation
and then require that he stable set be such that all small
perturbations have nearby equilibria.

o |



Strategic Stabllity
-

We give now a definition of stable equilibria that does satisfy
backward induction. One defines BR-stability by considering
directly perturbations to the best reply correspondence (together
with a fairly fine topology on such perturbations). One can show
that this definition is equivalent to a definition that looks at
continuous functions from 2 to P5 as the space of perturbations.
(This is the main result of

(2001))



Strategic Stabllity
B -

One can also make a definition based on the idea of making the
minimal change to the definition of KM-stability to give the desired
properties. This was one of the approaches | took in ( ).
It seemed to me at the time that the more radical approach of
perturbing the best reply correspondence was more promising. I'm
no longer sure this is true. The work of ( :

) seeks to make the minimal modifications to the definition of
Kohlberg and Mertans so that it satisfies the requirements.



Strategic Stabllity
B -

Mertens gave a more fundamentally different way of redefining
stability. Rather than keeping the form of the definition and
changing the space of perturbations Mertens kept the same space
of perturbations, Ps, and changed the way of defining stability.

Consider a small neighbourhood of O in . Lets call this Ps and
call the boundary of this neighbourhood 0Ps. Consider also some
part Sof the graph of the equilibrium correspondence E: n — 2

and let the part above Ps be called S and the part above 0Ps5 be
called 0Ss.

o |



Strategic Stabllity
B -

Mertens says that the part of Sabove zero is a stable set if the
projection map from S5 to Ps is nontrivial (in some sense) for
sufficiently small 0. Mertens gave a number of definitions involving
different specifications of “nontrivial’. The “right” definition seems
to be the one involving homology theory, which says that the
projection should not be homologically trivial.

Since homology theory puts a fairly course structure on things it is
relatively “easy” to be homologically trivial, that is, homologous to

a map to dPs. Thus the definition in terms of homology is a strong
one.

o |



Strategic Stabllity
B -

The easiest definition to understand simply says that the
projection map from S to Ps should not be homotopic to a map
from S to dPs under a homotopy that leaves the map from 0S5 to
0Ps unchanged. We'll call sets that satisfy this requirement
homotopy-stable sets.



Strategic Stabllity

|7
( ) show that every

stable set in the sense of Mertens is a CKM-stable set. They also
show that every CKM-stable set is a BR-stable set. So, every
stable set in the sense of Mertens is a BR-stable set. These and
some known relations between various stability concepts are
displayed below. The relations are shown in the following diagram
with those marked K&M were proved in

( ); those marked H90 Iin ( )); that marked
McLennan in ( ); that marked Govindan in
( ); and the unmarked relations proved in
(2001).

o



Strategic Stability

fully

stable set ﬂ KM-set ﬂ esser;tial
(K&M) se
H90l TH9O

fully 90

stable set ——  Q-set McLennanT

(Hillas)
GovindanT T
homotopy- CKM-set essential

— = CT-set <—— set
stable set — BR-set (McLennan)
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