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Non-Cooperative Games
@ player:a €A, payoff: u (x ,x_):R" —R
@ Nash equilibrium: (x ,a€ A) such that

X €argmax, u (x,Xx ), Va€ A

a

#  Function:
NEy)= 2 e g (i) = e Ha(Fir )
® X=(x,,ac€A) is a Nash equilibrium
< x €argmax-min /N & N(x,)=0
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The approach:

Nash functions of approximating games (including

& strategies perturbations)
NV(X y) = Z aEA “ a’x-a)_zaeAu;(ya’x-a)

& X Eargmax-minN", X € cluster points {xv}

N'—s N and ...

— 9 ¥ Eargmax—inf N ~ equilibrium point

N4
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Fixed Points (Brouwer)

C compact convex, G :C — C continuous

C" compact convex, G" :C" — C" continuous
x" €C" fixed points of G" on C”

and x” — x. When is x a fixed point of G on C?
The approach K:CxC—R, K":C"xC" =R,
set K(x,y)= <G(x) - x,y>, K" (x,y)= <Gv(x) — x,y>
x fixed point < x € argmax.(min . K(s,y))

So, K’ o K yields convergence of max-inf points?



Variational Inequalities

4 CCR” hon-empty, convex
® G:C—R" continuous
@ find u €C such that - G(u) EN (i)

where vENC(ﬁ)©<v,u—L7>sO, Yuel
® C'—=C, G":C"—R" continuous
@ approx. u" €C” suchthat -G"(u")EN_, (u")
@ Question: u"—u?  when, how,



V.I.: The approach

& Let K(u,v)=<G(u),v—u> ondomK =CxC
@ then -G@)eN_.(u) if and only if
& du €argmax-inf K with K(u,») =0
« (G@),v-ii)=K(i,v)=0,¥YvEC
=0 =< K(u,)=sup _. (infvec K(u,v))
" u€argmax-inf K& K(u,2)= 0=
<—G(ﬁ),v - a> <0,YvEC or -G(a) E N, (ir)
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V.I.:The approach

® K'(u,v):= <Gv(u),v—u>,domKV =C"xC"
® u" €argmax—inf K" with K" (u",*) <0
@

@® 1 € cluster points {uv} = 7 u €argmin—-sup K
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Applications:
Convergence and stability

# Saddle-points: Lagrangians, Hamiltonians

# Fixed points

# Solutions of cooperative and
non-cooperative games

@ Economic-Equilibrium points (Walras)

# Generalized Nash Equilibrium Problems

# Solutions of set-valued inclusions

# Stability of mountain-pass paths
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Optimization: Max-Framework

N

L/

max f(x), x ER" with
f -R" — I_R = | —00, 00

A

() 1fxeCCR”
—o  ifx&C
xEX‘fl.(x) <0,i€/, f.(x)=0

@ f(X)=<
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Hypo-Convergence (max-framework)

X 2 argmax ¢ - argmax f

@ argmax (fv+ g) > argmax (f+g),
V cont. g => hypo-convergence

® new' definition f : D — R, {fv D" — R}V

(a) Vx" €ED" — x €D, limsup /”(x*) = f(x)
(a,) Vx' ED" = x€&D, ['(x")— -

(b) Vx €D, dx" — x, liminf " (x") = f(x)
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re—

“Hypo-Convergence

¢ argmax gé~ argmax g

® 2 %g©hypog %hypOg

/

e




Hypo-convergence: Properties

SRR G N

® [T S S

@[fv —_ f,x" argmax , [, x* = x €D =X Cargmax, f }

@ X €argmax, f=3e" 0, x" Ee’-argmax , [V ix" =X

® f"—, [ < di(hypo f",hypo f)—>0

(I"-convergence)
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Tight Hypo-Convergence

® f Io i o fD&V8>O 1B compact :
h- tzghtly
Vv>v sup . f"<sup  f"-¢
@ THM: f fD,suprERssup f"—=sup, f

2 h— tlghtly

also: x" €argmax f),, x" — X €D = x Eargmax f,,
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Lopsided convergence

max-inf framework

K:CxD—R, {KV:CvxDVeR}

eN

arg max-inf K = arg max-inf K

X Earg max-inf K < X Eargmax(inf K(x,y))
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Lopsided convergence: definition

dy" D"
—yeD

Vy'eD”
-

1 (.X',y)
CxD "/
(x",y" limsup, K" (x",y") < K(x,y)
CV X DV
Vx'eC" —x
F(x,y)
CxD ,,'/ liminf, K"(x",y") = K(x,y) when y €D
(.xv yv Ve v oWV
K"(x",y")—o0 when x €D
CV X DV

@ECV — x&C
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Lopsided: elementary properties

argmax-inf K2 ~ argmax-inf K

lopsided = epi-convergence if K(x,y)=g(»)

lopsided = hypo-convergence if K(x,y)= f(x)

Remarks: not a I'-convergence, in co-dim. different topologies

Equilibria in Games School
and Workshop 16




Lopsided ancillary-tightly

® K — K. if K,

C" xD" lop ancillary —tight CxD

v %KCXD &

xD" Jop

b)VxelC,dx" = x,Vy" " €D" andy” — y:
liminf K" (x",y") = K(x,y) ify€D
K'(x",y")—=ow ify&D

but also Ve>0, 3B compact (depends on x” — x):

instmDv K" (x",*) = inf | K'(x",0)+¢e, Vvzv

v

¢ THM. ngxD — K, lop. ancillary-tight, x cluster point

of {x" €arg max—inf ng ) = x Cargmax-inf K

DY }VEN
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Proof ....

& K - K

C" xD" lop ancillary —tight

Letg" =inf _ K'(s,y), g=1nf _, K(s ).

CxD

- {x cC|g¥(x) > _oo}
= ¢" — g when | =

hopo C, = {x eCleg(x) > -oo}

# then apply

Vo— x' Earemax ¢'.x* —x €E€C = X €Eargmin
8cv 1> 8c gmax , g, ¢ gmin, g
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oll ) &
CONVE CINC

Kg"xD" — K., lop. ancillary-tightly.

X cluster point of {x"} __

(1) x¥ € e-maxinf KV,
C¥ x

[+ g
=X e e-maxmnf K.

(i) x" € £, -maxinf K, X cluster point of {x"} _.

xDV’
&e, 0 = X € maxinf K ovp (Special: unique)
(iii)) X emaxinfK . , = dJe_ NO0&x¥ e g -maxinf K;‘,“D

v

such that x" — ¥,

Under tight-lop: convergence of the full £ -maxinf sets

and convergence of values

Tuesday, January 22, 13



Ky Fan functions & inequality

& K :C x C — R generalized Ky Fan function if
(a) Vy: x> K(x,y) usc
(b)Vx: y— K(x,y) convex
& K Ky Fan fcn, dom K = C x C, C compact
=> arg max—inf K =
1f K(x,x) =0 ondom K, x €argmax—inf K
= infy K(x,y)=0.
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Extending Ky Fan’ s inequality

& | K" — K lopsided tightly with C" — C,
K" Ky Fan = K gen-Ky Fan
*® & Vv:argmax-inf K" =
if x € cluster-pts {argmax—inf K"}
= x €argmax—-inf K & K(x,*)=0

#® gen-Ky Fan fcns closed under lopsided

saddle fcns closed under h/e-convergence
usc fcns closed under hypo-convergence
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APPLICATIONS

May, 2008

WCOM 2008
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Fixed Points (Brouwer)

C compact convex, G :C — C continuous

findx €C: G(x)=x, fixed point
set K(x,y)= <G(x) — x,y>
Ky Fan Inequality applies (usc,convex, K(x,x) = 0):

dx such that <G()?) — )?,y> <0,VyeC

= x 1s a fixed point of G
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Convergence of fixed points

G": C" — CV continuous, C" convex

C" - C= C'compact, G —G

cont

e -Vx"-—>-x-1 G x" ) —>-G(x)
=K"= K, K(x,y)={(G(x)-x,y)

lop

Hence 3Ax” fixed points of G* on C”
— x fixed pomnt of G on C
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Set-valued Inclusions

N

SY,S:R? — cl/cvx—sets(R"), non-empty
Inclusions: S (u#)3a",S(u)>30, a" —0
o (e,u) = supp. fcn S” (u), o(e,u) of S(u)
Yu:o0" (-,u), O (s,u) convex

S”,S continuous, compact-valued (sufficient)

® PO e

= 0" (s,u") — . 0 (s,U) as u® —u; also o
® < 0" (u')— 0" (s, 1) = 0"(x,2), 0(x,*) usc

® K'=0"-(a"+).K =0 Ky Fan fens
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Variational Inequalities

® C CR" nonempty, convex, compact

€ G C 2> R contihuous; {(m=h)
@ find u €C suchthat - G(w) EN .(u)

where v EN . (u) <= <v,u - L_l> <0,VueC
& with Ku,v)= <G(u),v — u> ondomK =C xC

—> Kis a Ky Fan function, K(u,u) = 0.
Find

u €argmax—inf K(e,») so that K(u,») =0
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Convergence: V.I. + extension

C"— C=C" compact v=v, G" continuous
G'— G:G'(x")—G(x), Vx" €CY = x
K" (u,v) = <Gv(u),v — u> ondom K" =C"xC"
i.e., Ky Fan functions
# |lop-converges ancillary-tight to K, i.e.
any cluster point of the solutions of the
approximating V.I. is sol’ n of limit V.I.

(sufficient conditions)
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Nash Equilibrium points
x €argmaxu (x ,x_ ), VaEA
Nash function:
Ny =Y (e )= (r,x,)
u usc & u (x ,)lsc; u (e,x_ ) concave
= N a Ky Fan function & N(x,x) =0

u — u &domu — domu compact

= N" — N lopsided ancillary-tight
=> Nash equilibr.” — Nash equilibr. (cluster)
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Walras Equilibrium points

& Va€A: d (p) Eargmax{ua(xa)‘<p,xa>s<p,ea>}
& s(p)= Ea(ea —-d (p)) excesssupply

& find p €A (unit simplex) so that s(p) =0

#® Walrasian: W (p.9)=(q.s(p)) Ky Fan fcn

X 2 p Eargmax—inf W < s(p) =0

@ conditions: e E€int dom u , "globally compact"

@ Convergence: u,—,  U,e —>e =
W™ lop-converges ancillary-tight to W
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Augmented Walrasian
@ A. Bagh & S. Lucero (2002, UC-Davis)

p € argmax-inf W
= saddle point (p,g) of W.

W, (p.q)=inf, {W (p.u) r|ul - (g.u)}

0 }
=r

= sup, {(W(p.0)| |c~ 4

with H-H and H- ° dual norms.
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Iterations
W (p,q) ={q,s(p)) on A x A
W, (p.q) = sup, {W(p,z)’ lz-q

0 }
=7r

k+1 o SI’:|

g~ = argmax [maxZ <Z,S(pk)>‘ ||Z - q

qEA

[ minimizing a linear form on a ball }

[ reduces to finding the largest element of s(p*)

|
1 si’k+1>]

as r, /o, p“ — p (Walras equilibrium point)

pk+1 = arg min [maxZ <z,s(p)‘ Hz —q

PEA

k+1

experiments: 10 agents, 150 goods (easy!)
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Test: Demand functions

# Cobb-Douglas utility function:

ua(ca)= Yann Caél Wlth 2 /3611 _1 /3611 o
#®budget constraint: ¥ pec,, =Y pe,,

@demand: ,,(p)= B,/ p)( S Pty ) 1= 1ocoon
(demand = supply)
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SADDLE-POINTS
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Lagrangians (& Hamiltonians)
& max  f(x)
sothatf (x)<0, i=1,...,s
f(x)=0,i=s+1,...,m.
@ Lagrangign:
L)+ Y v fi(x)if y,20,i=1,....s

—oo  otherwise

L(X,y)=<

@ concave-convex, || max-inf framework




Hypo/Epi-Convergence

4  saddle point L? ~ saddle point L

—00

@ (90’ s) definition:
- dom-K o
V (X, y) B

(A)Vx" —x,dy" = y: liminf L'(x",y") = L(x)y)
(b} ¥y =g A" ixt hmsup L (37 )- =L

@ “problem”: hypo/epi-topology not Hausdorff
... the pitfall “equivalence classes”
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Hypo/Epi convergence

dy" D"
—yeD

Vy'eD”
-

—1 (x,y)

limsup, K" (x",y") < K(x,y) when x EC
K" (x",y")— —o when x &C

like lopsided convergence

§(X5)

CxD "/
(xv,yv
C"x D"
Vx'eC’ —x
CxD ,.’.
(xv,yv
C"x D"

liminf, K"(x",y") = K(x,y) when y €D
K" (x",y")—= o when x €D

not like lopsided convergence

dx' eC’ - xeC
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Hypo/epi: elementary properties

saddle points L2 ~ saddle points L

hypol/epi = epi-convergence if L(x,y)=g(»)

hypo/epi = hypo-convergence if L(x,y)= f(x)
but not y-epi-convergence and x-hypo-convergence

Remarks: not a I'-convergence, in co-dim. different topologies
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Hypo/epi-convergence:
Properties & Applications

N

L L {x",y")-saddle-pts-L~,

hle

(x*,y*) = (x,y) =(x,y)saddle-ptof L

Applications:

v'Convergence of solutions to
Zero-sum games
v'Joint convergence of solutions to

dual convex programs
v"Mechanics
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Lopsided & hypo/epi-convergence

# |opsided = hypo/epi-convergence
# not conversely

N ,L(0,0)=0
Vx' =0, ot b=l Fy- 50
dy" —0... Lv=-1 Vy"'—0...
hypo/epi | lopsided

(-1,-1) -yl
@ (x,7)=(0,0),y" =-v' =x" = v :liminf K'(x",y") =0
but withy” = —v™' /2 : liminf K*(x*,7")=-1<0 !
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Lopsided & hypo/epi-convergence

L' — [ & convex-concave = L' — L
hle lop

first condition ... identical

for the second condition: given (x,y), let

ue€d L(x,y),—v E&y(—L(X,)/))
L 76[4 = [ - <u,> + <v,->zL — <u,-> + <v,->

(x,y) saddle point of L - <u,-> + <v,->

d(x",y") saddle-pts — (x,y) & {xv} o is lop-sequence — x
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