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Non-Cooperative Games 
  
  Nash equilibrium:              such that 

 
  

                     is a Nash equilibrium 

( , )ax a∈A

( , )ax x a= ∈A
⇔ x ∈ argmax−minN & N (x ,i)≥ 0

    player: a ∈A,  payoff: ua (xa ,x
−a ) :!N → !

xa ∈ argmax Xa ua (xa ,x−a ), ∀a ∈ A

 Function: 
N (x, y) = uaa∈A∑ (xa ,x−a )− uaa∈A∑ (ya ,x−a )
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The approach: 

    

     
 

        
 

" "
 and N Nν→

!

…

Nash functions of approximating games (including
strategies perturbations)

N ν (x, y) = ua
ν

a∈A∑ (xa ,x−a )− ua
ν (ya ,x−a )a∈A∑

xν ∈ argmax−minN ν , x ∈  cluster points xν{ }

   ⇒ ? x ∈argmax−inf N ∼  equilibrium point
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Fixed Points (Brouwer) 
  
   
  

  C  compact convex, G :C → C  continuous

  and x ν → x . When is x  a fixed point of G  on C ?

  
set  K(x, y) = G(x) − x, y , K ν (x, y) = Gν (x) − x, y

  C
ν  compact convex, Gν :Cν → Cν  continuous

   x
ν ∈Cν  fixed points of Gν  on Cν

The approach  K :C × C→ !, K ν :Cν × Cν → !,

x  fixed point ⇔ x ∈ argmaxC (min y∈C K(i, y))

So,  K ν →
?
K  yields convergence of max-inf points?
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Variational Inequalities 
              non-empty, convex 
                 continuous 
  find  

       where   
    
  approx. 
 Question:                  when, how. 

  C ⊂ !n

   G : C → !n

 ?u uν →

  u ∈C  such that −G(u )∈NC (u )

  
v ∈NC (u ) ⇔ v,u − u ≤ 0,∀u ∈C

   C
ν → C, Gν: Cν → !n  continuous

  
uν ∈Cν  such that −Gν (uν )∈N

Cν (uν )
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V.I.: The approach  

 Let 
 then                     if and only if 
     
n        
 
n           

G(u ),v − u = K(u ,v)≥ 0,∀v ∈C

⇒ 0 ≤ K(u ,i)≤ supu∈C infv∈C K(u,v)( )
⌢u ∈ arg max−inf K& K (⌢u,i)≥ 0⇒

−G(⌢u),v − ⌢u ≤ 0,∀v ∈C  or −G(⌢u)∈ NC (⌢u)

  
K(u,v) = G(u),v − u  on dom K = C × C

  −G(u )∈NC (u )

   ∃
⌢u ∈argmax−inf K  with K( ⌢u,i) ≥ 0
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V.I.:The approach 

         
       
      

                             
" "

 and K Kν→
!

…

  
K ν (u,v) := Gν (u),v − u , dom K ν = Cν × Cν

   u
ν ∈argmax−inf K ν  with K ν (uν ,i) ≤ 0

  
u ∈  cluster points uν{ }⇒ ? u ∈arg min−sup K



Equilibria in Games School 
and Workshop 

 8 

Applications:  
 Convergence and stability 

 Saddle-points: Lagrangians, Hamiltonians 
 Fixed points 
 Solutions of cooperative and  

                  non-cooperative games 
 Economic-Equilibrium points (Walras) 
 Generalized Nash Equilibrium Problems 
 Solutions of set-valued inclusions 
 Stability of mountain-pass paths 
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Optimization: Max-Framework 

   
 
 

     
    

   

max f (x), x ∈!n  with

          f :!n → ! = −∞,∞⎡⎣ ⎤⎦

   

f (x) =
f0 (x) if x ∈C ⊂ !n

−∞      if x ∉C

⎧
⎨
⎪

⎩⎪

            { }1 2( ) 0, , ( ) 0,i iC x X f x i I f x i I= ∈ ≤ ∈ = ∈

C 

f0 
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Hypo-Convergence (max-framework) 
           argmax f a à argmax f 
 argmax (f ν + g) à argmax (f+g),  

     ∀ cont. g        hypo-convergence    
  

   

'new' definition f : D → !, f ν : Dν → !{ }
ν∈"

(a) ∀xν ∈Dν → x ∈D, limsup f ν (xν ) ≤ f (x)

(a∞ ) ∀xν ∈Dν → x ∉D, f ν (xν )→ −∞

(b) ∀x ∈D, ∃xν → x, lim inf f ν (xν ) ≥ f (x)
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Hypo-Convergence 

            argmax g a ~ argmax g 
    
     

gν →
h

g ⇔ − gν →epi −g

  
gν →

hypo
g ⇔ hypo gν → hypo g
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Hypo-convergence: Properties 

  
  

  
    
     

(Γ-convergence) 

 
f ν →h f ≠ f ν → p f

 f
ν →u f ⇒ f ν →h f

  
f ν →e f , xν ∈argmax

Dν f ν , xνk → x ∈D ⇒ x ∈argmax D f

   
x ∈argmax D f ⇒∃εν ↘ 0, xν ∈εν−argmax

Dν f ν :xν → x

  f
ν →h f ⇔ dl(hypo f ν ,hypo f )→ 0
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Tight Hypo-Convergence 

   

    

f
Dν
ν →

h− tightly
fD : f

Dν
ν →

h
fD &∀ε > 0, ∃B compact :

            ∀ν > νε : sup
B∩Dν f ν ≤ sup

Dν f ν − ε

 

THM: f
Dν
ν →

h− tightly
fD , supD f ∈!⇒ sup

Dν f ν → supD f

also: xν ∈argmax f
Dν
ν , xνk → x ∈D⇒ x ∈argmax fD
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Lopsided convergence 

  
x ∈arg  max-inf K ⇔ x ∈argmax(inf y K(x, y))

   
K : C × D → !, K ν : Cν × Dν → !{ }

ν∈"

 argmax-inf Ka ! arg max-inf K

max-inf framework 
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Lopsided convergence: definition 

Cν × Dν

(xν , yν )

(xν , yν )

•

•

(x, y)•

• (x, y)

∃xν ∈Cν → x ∈C

∃yν ∈Dν

→ y ∈D

∀ yν ∈Dν

→ y

∀ xν ∈Cν → x

limsupν K
ν (xν , yν ) ≤ K(x, y) 

lim infν K
ν (xν , yν ) ≥ K(x, y) when y ∈D

K ν (xν , yν )→∞ when x ∉D
Cν × Dν

C × D

C × D
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Lopsided: elementary properties 

   argmax-inf K a ~ argmax-inf K 
 

lopsided       epi-convergence if 

lopsided       hypo-convergence if 

Remarks: not a Γ-convergence,  in ∞-dim. different topologies 

  K(x, y)= g( y)

  K(x, y)= f (x)
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Lopsided ancillary-tightly 
    

     

  
   

K
Cν ×Dν

ν →
lop ancillary− tight

KC×D   if  K
Cν ×Dν

ν →
lop

KC×D &

(b) ∀x ∈C,∃xν → x,∀ yν ∈Dν  and yν → y :

              lim inf K ν (xν , yν ) ≥ K(x, y)  if y ∈D

               K ν (xν , yν )→∞   if y ∉D

but also ∀ε>0, ∃B
ε
 compact (depends on xν → x) :

inf
Bε ∩Dν K ν (xν ,i) ≤ inf

Dν K ν (xν ,i) + ε , ∀ν ≥ ν
ε

   

THM.  K
Cν ×Dν

ν → KC×D  lop. ancillary-tight, x  cluster point

of {xν ∈argmax−inf K
Cν ×Dν

ν }
ν∈! ⇒ x ∈argmax−inf KC×D
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Proof …. 

    

 
 

 then apply     
   

K
Cν ×Dν

ν →
lop ancillary− tight

KC×D

Let gν = inf
y∈Dν K ν (i, y), g = inf y∈D K(i, y).

⇒ gν →
hypo

g   when  
Cg

ν = x ∈Cν gν (x) > −∞{ }
Cg = x ∈C g(x) > −∞{ }

⎧
⎨
⎪

⎩⎪
≠ ∅

  
g

Cν

ν →
hypo

gC , xν ∈argmax
Cν gν , xνk → x ∈C ⇒ x ∈argminC g
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Ky Fan functions & inequality 

  

  

   

K :C × C → ! generalized Ky Fan function if
  (a) ∀ y: x" K(x, y)  usc
  (b)∀x: y" K(x, y)  convex

  

K  Ky Fan fcn, dom K = C × C, C  compact
⇒ argmax−inf K ≠ ∅

if K(x, x) ≥ 0 on dom K, x ∈argmax−inf K
⇒ inf y K(x , y) ≥ 0.
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Extending Ky Fan’s inequality  

  

       
 
 

  gen-Ky Fan fcns closed under lopsided 
       saddle fcns closed under h/e-convergence 
                  usc fcns closed under hypo-convergence 

   

& ∀ν : argmax−inf K ν ≠ ∅

if  x ∈  cluster-pts {argmax−inf K ν}
⇒ x ∈argmax−inf K  & K(x ,i) ≥ 0

  

K ν → K  lopsided tightly with Cν → C, 

K ν  Ky Fan ⇒ K  gen-Ky Fan
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          APPLICATIONS 
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Fixed Points (Brouwer) 
  
   
  

Ky Fan Inequality applies (usc,convex, K(x,x) ≥ 0): 

  C  compact convex, G :C → C  continuous

  find x ∈C : G(x ) = x ,   fixed point

  
set  K(x, y) = G(x) − x, y

  

∃x  such that G(x ) − x , y ≤ 0,∀y ∈C

⇒ x  is a fixed point of G
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Convergence of fixed points 

Hence 

  

Gν : Cν → Cν  continuous, Cν  convex

Cν  → C ⇒ Cνcompact, Gν →
cont

G

  i.e., ∀xν → x : Gν (xν )→ G(x)

  
⇒ K ν →

lop
K , K(x, y) = G(x) − x, y

  

∃xν  fixed points of Gν  on Cν

→ x  fixed point of G  on C
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Set-valued Inclusions 
    
    
       
     
     
   
    
                      

   S
ν ,S :!d → cl/cvx−sets(!n ),   non-empty

( , )  supp. fcn ( ), ( , ) of ( )u S u u S uν νσ σ=i i
Inclusions: ( ) , ( ) 0, 0S u a S u aν ν ν∍ ∍ →

( ): , , ( , ) convexu u uνσ σ∀ i i

,   continuous, compact-va d lueS Sν (sufficient) 

( , ) ( , ) as ;  also k k
epiu u u uν νσ σ σ⇔ → →i i

( , ) ( , ) ( , ), ( , ) usck
pu u x xν ν νσ σ σ σ⇔ → ⇒i i i i

   
K ν = σν − aν ,i , K = σ   Ky Fan fcns
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Variational Inequalities 
 C ⊂ Rn nonempty, convex, compact 
 G : C à Rm continuous, (m=n) 
 find  

       where  
 with                                 

          K is a Ky Fan function, K(u,u) ≥ 0.  
   Find 

  u ∈C  such that −G(u )∈NC (u )

  
v ∈NC (u ) ⇔ v,u − u ≤ 0,∀u ∈C

  
K(u,v) = G(u),v − u  on dom K = C × C

   u ∈arg max−inf K(i,i) so that K(u ,i) ≥ 0
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Convergence: V.I. 

 
   

   i.e., Ky Fan functions  
 lop-converges ancillary-tight to K, i.e. 
any cluster point of the solutions of the  

    approximating V.I. is sol’n of limit V.I. 
(sufficient conditions) 

  C
ν → C ⇒ Cν  compact ν ≥ ν , Gν  continuous

  G
ν →cont G : Gν (xν )→ G(x), ∀xν ∈Cν → x

  
K ν (u,v) = Gν (u),v − u  on dom K ν = Cν × Cν

+ extension 
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Nash Equilibrium points 
  
  

 
  

  

   xa ∈argmaxua (xa ,x
−a ), ∀a ∈A

   
Nash function: 
N (x, y) = uaa∈A∑ (xa ,x

−a ) − uaa∈A∑ ( ya ,x
−a )

   

ua  usc & ua (xa ,i) lsc;  ua ( i,x
−a ) concave

⇒ N  a Ky Fan function & N (x,x) ≥ 0

  

ua
ν →cont ua  & dom ua

ν →  dom ua  compact

⇒ N ν → N  lopsided ancillary-tight

⇒  Nash equilibr.ν  → Nash equilibr. (cluster)
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Walras Equilibrium points 
  
  
  
 Walrasian:                              Ky Fan fcn 

  
 conditions:   
 Convergence:  

   ∀a ∈A:  da ( p)∈argmax ua (xa ) p,xa ≤ p,ea{ }
  
s( p) = (ea − daa∑ ( p)) excess supply

  find p ∈Δ (unit simplex) so that s( p) ≥ 0

  
W ( p,q) = q, s( p)

  p ∈arg max−inf W ⇔ s( p) ≥ 0

  ea ∈int  dom ua ,  "globally compact"

  
ua
ν →hypo ua , ea

ν → ea ⇒

  W
ν  lop-converges ancillary-tight to W
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Numerical Schemes  

Walras Equilibrium points 
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Augmented Walrasian  
 A. Bagh & S. Lucero (2002, UC-Davis) 

p ∈  argmax-inf W

 ≅  saddle point (p,q ) of !Wr

 

!Wr (p,q)= infu W (p,u)+ r u − q,u{ }
             = supz W (p, z) z − q o

≤ r{ }
 with i  and i

o dual norms.
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Iterations 

experiments: 10 agents, 150 goods (easy!) 

minimizing a linear form on a ball  

reduces to finding the largest element of s(pk) 

 

W (p,q) = q, s(p)  on Δ × Δ

!Wr (p,q) = supz W (p, z) z − q o
≤ r{ }

qk+1 = argmax
q∈Δ

maxz z, s(p
k ) z − q o

≤ r⎡
⎣

⎤
⎦

pk+1 = arg min
p∈Δ

maxz z, s(p) z − qk+1 o
≤ rk+1

⎡
⎣⎢

⎤
⎦⎥

as rk ↗∞, pk → p  (Walras equilibrium point)
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Test: Demand functions 

Cobb-Douglas utility function: 

budget constraint:  
 

demand:  
 
             (demand = supply) 

ua (ca ) = γ a ca,l
βa
l

l=1

n
∏   with  βa,ll=1

n
∑ = 1, βa,l ≥ 0

pll∑ ca,l ≤ pll∑ ea,l

 
ca,l (p) = (βa,l / pl ) plea,kk∑( ), l = 1,…,n
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     SADDLE-POINTS  
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Lagrangians (& Hamiltonians) 
  

 Lagrangian: 
 

  concave-convex,    max-inf framework 

   

max f0 (x)

so that fi (x)≤ 0, i = 1,…,s

          fi (x)= 0, i = s +1,…,m.

0
1

( ) ( ) if 0, 1, ,
( , )

otherwise

m

i i i
i

f x y f x y i s
L x y =

⎧
+ ≥ =⎪

= ⎨
⎪−∞⎩

∑ …
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Hypo/Epi-Convergence 

    saddle point La ~ saddle point L  

 (90’s) definition: 
 

 
  
“problem”: hypo/epi-topology not Hausdorff   
…. the pitfall “equivalence classes” 

dom K ∞ ∞

-∞

-∞

dom K 
( , )x y∀

  

(a) ∀xν → x, ∃ yν → y : lim inf Lν (xν , yν ) ≥ L(x, y)
(b) ∀yν → y, ∃ xν → x : limsup Lν (xν , yν ) ≤ L(x, y)
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Hypo/Epi convergence 

Cν × Dν

(xν , yν )

(xν , yν )

•

•

(x, y)•

• (x, y)

∃xν ∈Cν → x ∈C

∃yν ∈Dν

→ y ∈D

∀ yν ∈Dν

→ y

∀ xν ∈Cν → x

limsupν K
ν (xν , yν ) ≤ K(x, y) when x ∈C

K ν (xν , yν )→ −∞ when x ∉C

lim infν K
ν (xν , yν ) ≥ K(x, y) when y ∈D

K ν (xν , yν )→∞ when x ∉D
Cν × Dν

C × D

C × D

like lopsided convergence 

not like lopsided convergence 
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Hypo/epi: elementary properties 

 saddle points L a ~ saddle points L 
 

hypo/epi       epi-convergence if 

hypo/epi       hypo-convergence if 

Remarks: not a Γ-convergence,  in ∞-dim. different topologies 

  L(x, y)= g( y)

  L(x, y)= f (x)

but not y-epi-convergence and x-hypo-convergence 
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Hypo/epi-convergence: 
Properties & Applications 

  

Lν →
h / e

L, (xν , yν ) saddle-pts Lν ,

(xνk , yνk )→ (x , y) ⇒ (x , y)saddle-pt of L

Applications: 
 
ü Convergence of solutions to  
        zero-sum games 
ü Joint convergence of solutions to  
        dual convex programs 
ü Mechanics 
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Lopsided & hypo/epi-convergence 

 lopsided       hypo/epi-convergence 
 not conversely 

  
(-1,-1) 

L(0,0) = 0 

-ν-1 

-ν-1 

Lν = -1 

Lν =0 

  (x, y) = (0,0), yν = −ν−1 ⇒ xν = −ν−1 : lim inf K ν (xν , yν ) ≥ 0

L = -1 

 

∀xν → 0,
∃yν → 0…  

∃xν → 0,
∀ yν → 0…

hypo/epi lopsided 

           but with ⌢yν = −ν−1 / 2 : lim inf K ν (xν , ⌢yν ) = −1< 0 !
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Lopsided & hypo/epi-convergence 

  
u ∈∂x L(x, y), − v ∈∂ y (−L(x, y))

   
Lν →

h / e
L ⇒ Lν − u,i + v,i →

h / e
L − u,i + v,i

   

              (x, y) saddle point of  L − u,i + v,i

∃(xν , yν ) saddle-pts → (x, y) & xν{ }
ν∈!

is lop-sequence → x

Lν →
h /e
L   & convex-concave ⇒  Lν →

lop
L  

 

first condition … identical
for the second condition: given (x, y), let
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