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The main equilibrium existence theorems (Nash
and general equilibrium) are equivalent to
Brouwer’s fixed point theorem.

That Is, economic theong fixed point theory.

Refinements of Nash equilibrium are often
defined Iin terms of fixed points of perturbations
of the best response correspondence.

The mathematical concepts and tools used to
study fixed points are useful throughout
economics.

We will emphasize mathematical concepts
and key results, with key ideas of proofs.
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Brouwer and Kakutani via imitation games.

Degree, fixed point index, and vector field index
for smooth functions (regular case) in Euclidean
context.

Sard’s theorem, and extensions of index-degree {c
continuous functions.

Absolute neighborhood retracts.

Approximation of contractible valued
correspondences by functions.

Conditional systems and sequential equilibrium.
Dynamic stability and relation to index.
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many half spaces is a polytope if it Is bounded.
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An affine combinatiomf pointsp,, ..., p; IS a
SUMmaogpy + - - - + a;p; whereay, . . ., «; are real
numbers withoyg + - - - + o; = 1.

We say thapy, . . ., p; areaffinely independent

It IS not possible to write one of them as an affine
combination of the others. (Equivalently,

p1— Po, - -.,P; — po are linearly independent.)

A simplexis the convex hull of an affinely
iIndependent collection of points.

Thedimensiorof a polytope is the maximal
such that the polytope has elemenis. . . , p4
that are affinely independent.
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A face of a polytopeP is:

avertexif it 1Is zero dimensional.

Formally a vertex is a set containing a single
point, but usually we regard it as the point
itself.

Exercise:An extreme poinbf P Is a point in

P that Is not a convex combination of other
elements ofP. Prove that the vertices df

are Its extreme points.

anedgelf it is one dimensional.
afacetif it is a maximal proper face.

Theinterior of P Is the set of points that are
not in any facet.
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A (finite) polytopal complexs a finite collection
7 of polytopes such that:

any face (includind)) of an element of is
an element of;

the intersection of any two elements’bfis a
(possibly empty) common face.

Thespaceof 7 is|T| = Upr P.
Thedimensionof 7 i1Isdim 7 = maxpc dim P.

7. IS the set of-dimensional elements §f.

If all of its elements are simplices, thgnis a
simplicial complex
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« ForeachP € T\ {0} choosevp € int P.

« LetT' ={0}yU{convivp,....vup }:
Pl,...,PkET\{(Z)},Pl C"'Cpk}.
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Exercise:Prove that/” is a simplicial complex
and|7T'| = |T].

Let diam(P) = max, yep || — ¥||.

Let mesh(7) = maxper diam(P).
Thebarycenterof the simplexconv{vy, ..., v}
is the point: (vy + - - - + vy).

If 7 is a simplicial complex and eachy Is the
barycenter ofP, then7” is thebarycentric
subdivisionof 7.

Ugly Calculation:In this case

mesh(7") - dim T
mesh(7) — dim7 +1
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Lete; = (1,0,...,0),...,e4=1(0,...,0,1) be

the standard unit basis &f.

Let A = conv({eq,...,es}).

Let7 be a simplicial complex with7 | = A.
We say that/ is atriangulationof A.

A Sperner labelindor 7 Is a function
(:To—{1,...,d} with v,y > 0 for all v.

A completely labelledimplex for7 and/ is a
conv({vy,...,vq}) € Tq—1 such that

(), ... L))} = {1,....d}.

Sperner’s LemmaA Sperner labelling of a simplicial
subdivision ofA has a completely labelled simplex.
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Brouwer’s Fixed Point Theorenfor any continuous
f: A — Athereisan* € A such thatf(xz*) = 2*.

To prove this take a sequen{@” } of triangulations
of A with mesh(7") — 0.

For eachr:
Forv € 7] let " (v) = min{i : v; > f;(v) }.
Chooseconv({v7,...,v}}) € T, such that

) =1,...,0(v) = d.

Pass to a convergent subsequence, so that
vl — «* for some (hence all), sox? > f;(«*) for

all ¢, but) . xr = > fi(z*) = 1.
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Forv e 7o, 0 <t < 1, letv(t)=(1 —t)v+iey,.
For P = conv({vy,...,vq4}) € Tq_1 let

qp(t) = det(va(t) — vi(t),...,vq(t) — v1(t)).

qp(1) = 0if P is not completely labelled.
LetQ(t) = ZPeﬁ_l qp(t).

() Is a polynomial function of that Is
+ det(ey; — ey, ...,e; —eq) in a neighborhood
of zero, so it has this value everywhere.

Thus) p.r  qr(1) = Q(1) # 0.
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We now study a different method of proving fixed
point theorems, and computing fixed points, due to

McLennan and Tourky.

Let C' C RY be a nonempty compact convex set.

Let F' : C' — C' be an upper semicontinuous
convex valued (usccv) correspondence. That is,

for eachx € C
F(x) C C'is nonempty, compact, and convex;
for everye > 0 there is @ > 0 such that
F(2") C B.(F(x)) forall 2/ € Bs(x).

Kakutani's Fixed Point Theorent’ has a fixed
point: x* € F'(x*) for somezx € C.
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Consider a two person game in which for each player
the set of pure strategiesds and the payoffs are:

u(r,y) = — MIN,cp(y HI — z|%.
v(x,y) = dzy. (Kronecker)

Fixed points off are in 1-1 correspondence with the
pure Nash equilibria of this game:

If f(x*)= 2% then(z*, x*) is Nash.
If (z*,y*)is Nash, then* € F'(y*) andy* = z*.

We study a similar game in which the common
strategy set Is a finite subset©f
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A two player gameés a pair( A, B) in which, for
given positive integers: andn, A andB arem x n
payoff matriceswith real entries.

Let A" 1 ={peRr :> p; =1} bethe
(k — 1)-dimensional simplex.
A mixed Nash equilibriunof (A, B) is a pair
(o,7) € A™ 1 x A" ! such that:

ol Ar > ¢l Arforall6 € A™ 1,

o' Br > o' Brforall 7 € A" 1,

The gaméd A, B) is animitation gameaf m = n andB
IS them x m identity matrix, which we denote b§".
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Initialization: chooser; € C' andy; € F(x).
Recursion: ifxy, ...z, y1,...,y, € C are given.

Let (A™, I') be the imitation game in which the
m X m matrix A has entries

ai; = —|lzi — y;|*.
Find a Nash equilibriunge™, 7) of (A™, I™).
Letz, 1 =D i, 7/'y;. Takeyn, 1 € F(741).

We will show that any accumulation point of {x,,}
IS a fixed point off".
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Fix ¢ > 0. For arbitrarily smalk there is) > 0
such thatF'(x) € B.(F'(z*)) for all z € Bos(x*).

It suffices to show that* € Bs,.(F'(z*)).
Simply becausé€’ is compact,

lim min ||z; —2p41]] =0.
m—o0 7=1,....m

Of coursea;-” > (0 Wheneverrj’m > 0.

Claim: Whenevew " > 0, x; IS as close ta,, ;1
as any other;,.

Thus{z; : 7/" > 0} C Bs(z,, 1) for all largem.
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For infinitely manym we haver,,.; € Bs(z*).
Therefore for somen i1t Is the case that

{z;: 7" >0} C Bs(2p41) C Bos(a").

For such ann we have

T =Y 7"y €Y TVF(x;) C Bo(F(a%)).
J J

Finally x* € Bs(,,41) C Bsic(F(x¥)).
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Claim
Playerl’s expected payoff if she playss

m

m
u(i, 7") = ZT]maij = = ZT}”(% — Yj, Ti — Yj)-
j=1

j=1
We expand the inner product after writing

Ly —Y; — (ﬂi‘z — 517m+1) T ($m+1 — ?Jj)a
then us€) . 7" (zm11 — y;) = 0 10 see that

m

u(i, 7") = —|lw; = Tl = Y 7 Nz — yill>

j=1
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A pivoting algorithm that computes a Nash
equilibrium of a two person game was given by
Lemke and Howson (1964).

Since this proves the existence of an equilibrium,
In conjunction with the procedure above is gives
a proof of the KFPT.

Combined with the procedure above, it gives an
algorithm for finding arapproximate fixed point
of a continuous functiorf : C' — C, since a
condition for halting such as

|Zmi1 — f(@me)] <e

will eventually be satisfied.
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Is there a polynomial time algorithm f@rNash
which Is the problem of finding a Nash equilibrium of
a two person game?

For several years Papadimitriou promoted this
guestion as (along with factoring) "the most
Important open problem on the boundaryRof

In many senses 2-Nash "looks like" linear
programming, and the Lemke-Howson algorithm
closely resembles the simplex method.

Like the simplex method, Lemke-Howson works
well In practice, solving games with dozens or
hundreds of strategies.
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However, Chen and Deng (2005) showed that 2-Nash
IS complete folPPAD.

They give a polynomial time procedure that
passes from any fixed point problem described by
a Turing machine to a two person game whose
equilibria can be "translated" (in polynomial

time) into solutions of the given problem.

Hirsch, Papadimitriou, and Vavasis (1989) show
that algorithms for computing an approximate
fixed point that obtain all their information about
the function from an “oracle” that evaluates it
nave exponential worst case running times.

n view of this, It is exceedingly unlikely that a
nolynomial time algorithm for 2-Nash exists.




Advanced Fixed Point Theory

2. The Smooth Degree and Index
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We now study “the same” mathematical structure
from three different points of view.

The degree counts the number of times a function
covers a point in the range, where
orientation-reversing coverings count negatively.

The fixed point index counts the number of fixed
points that are qualitatively like a constant
function minus the number that are not.

The vector field index transports these concepts
to vector fields, which are thought of as
dynamical systems.

We study these first in the best behaved setting.
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The notion of orientation expresses intuitively
familiar phenomena. (The world in the mirror Is
different, a right shoe can’t be turned into a left shoe
by rotating it, etc.) Formally it Is expressed in terms
of equivalence classes of bases.

_et X be anm-dimensional vector space.
_et F'(X) be the set ofn-frames(ordered

pases) vy, ..., v,) of X.
An orientationof X Is a connected component of
F™(V).

Proposition:There are exactly two orientations &f.
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For any(ey,...,e,) € F(X) the map

A (Z ai1;€, ..., Z amjej)
J J
IS a linear bijection between the setrafx m
matricesA = (a;;) and X™.

There are at least two orientations because there
cannot be a continuous path &' ( X') between

elements ofF""( X') whose corresponding
matrices have determinants of opposite signs.
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To prove that there are at most two orientations:
If (v1,...,0,) € F™(X) and: # j, then
L +— (Ul,...,?)i—i—t?}j,...,?}m)

is a map fromR to F"™(X).

Combining such paths, we can go from any
m-frame to()_, bije;, ..., ; bmje;) with

b;; # 0 for all © andj.

Continuing from this point, such paths can be

combined to eliminate all off diagonal
coefficients, arriving at an ordered basis of the

form (cieq, ..., cpen).
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From here we can continuously rescale the
coefficients, arriving atd; ey, .. ., d,e;,) with
d; = £1 for all ;.

Starting at anyv, ..., v,) € F(X), for any
1 =1,...,m — 1thereis a path

0 — (...,cosB0v;+sin Ov;, 1, cos Bv; 1 —sin v, . . .)

that goes tquy, ..., —v;, —vi11,...,Up).

Thus there is a path iR (X) from anym-frame
to either(ey,...,e,,) Or(—ej,es, ..., e,).
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Let X andY be finite dimensional vector spaces, let
U C X be open, and lef : U — Y be aC' function.

The derivative off atx (which is a linear
function fromX to Y) is denoted byD f(x).

For anyS C X, afunctionf : S — Y isC! (by

definition) if it has aC'! extension to an open superset
of S.

r € S is aregular pointof f if D f(x) is well

defined (the same for evefy' extension) and
surjective. Otherwise Is acritical point of f.

y € Y is acritical valueof f if f~!(y) contains a
critical value. Otherwise Is aregular valueof f.
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An oriented vector spacis a vector spac& with a
specified orientation.

We say thatv,, ..., v,) € F"(X) is positively
orientedif it Is an element of the specified
orientation, and otherwise it reegatively
oriented

Now let X andY be orientedn-dimensional vector
spaces.

If Sc X,f:S—YisC! andz is aregular
point of f, thenf Is orientation preserving
(orientation reversinpatx if D f(x) maps
positively orientedn-frames ofX to positively
(negatively) oriented.-frames ofY.
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ForC c XletoC=CNX\C.AC® f:C—Y
IS smoothly degree admissibbeery € Y If:

C'Is a compact subset of;
y IS a regular value of;

f~ly)ynoc = 0.

If fIs smoothly degree admissible ovgerthen the
degreedeg, (f) of f overy is the number of

r € f~!(y) at which f is orientation preserving minus

the number of: € f~!(y) at which is orientation
reversing.
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We will work axiomatically, specifying properties of
the smooth degree that characterize it.

(Normalization) If f Is smoothly degree
admissible ovey and f~!(y) is a single point at
which f Is orientation preserving, then

deg, (f) = 1.
(Additivity) If f : C' — Y Is smoothly degree
admissible ovey, C, ..., C, are pairwise

disjoint compact subsets of, f~*(y) C U, C,
andf~(y) N oC; = for all ¢, then

deg, (f) = ) _ deg,(flc.).
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C'Is a compact subset of;
y IS a regular value ok, hy, andhq;

h=t(y) N (OC x [0,
(Homotopy) Ifh : C' x

1]) = 0.
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A C* homotopyh : C' x [0,1] — Y is smoothly
degree admissiblevery € Y If:

C'Is a compact subset of;

y IS a regular value ok, hy, andh;;

hY(y) N (DC % [0,1]) = 0.

(Homotopy) Ifh : C' x |0,1] — Y is a smoothly
degree admissible homotopy oveE Y, then

deg, (hy) = deg, (h).

Theorem:The smooth degree is the unique integer
valued function on the set of smoothly degree
admissible functions over that satisfies
Normalization, Additivity, and Homotopy.
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Normalization is a special case of the definition.
It Is obvious that the degree satisfies Additivity.

The proof that the degree satisfies Homotopy has
more substance. Lét: C' x [0,1] — Y be aC™
homotopy that is degree admissible oyer

The implicit function theorem (and a bit of
sweating the details) implies that'!(y) is a
finite union of smooth loops and line segments.

Suppose that : [a,b] — C x |0,1] is a smooth
parameterization of the one of the line segments,
with ~+/(t) # 0 for all ¢.




t=0



t=0 t=1

v (a) # 0 # /. .,(b) because is a regular
value ofhy andh;.



t=0

v (t)
——
v'(b)
v (a)
P
t—

—p. 42
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components are zero.




Letvy, ..., v, @ la,b] = X x R be smooth
functions such that:
(v1(),...,vm(t),'(t)) € F™ (X x R) for
all ¢;
(v1(a),...,vn(a)) and(vi(b), ..., v,(b)) are
(in effect) m-frames forX, because all final
components are zero.

Proving that such, ..., v,, existis a rather
tedious construction.



v1(t) /Ll(b)

t=0 t=1

—p.44



t=0 t=1

—p. 45
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If ’)/m_H(CL) =0 and”)/m+1(b) = 1, then
(v1(a),...,vn(a)) and(vy (), ..., v,(b)) have
the same orientation.

This is also the case f,,.1(a) = 1 and
Ym+1(0) = 0.

If ’)/m_H(CL) — ’)/m_H(b) = 0, then
(v1(a), ..., vm(a)) and(vy (D), ..., v,(b)) have
opposite orientation.

This is also true ify,, 11(a) = Vmae1(b) = 1.
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For allt, Dh(~(t))y'(t) = 0, so
(Dh(y(#))vi(t), ..., Dh(y(t))vm(t)) € F™(Y).

By continuity the orientation of this:-frame
IS the same for all.

If v,n11(a) = 0and~,,1(b) = 1, then the
contribution ofy(a) to deg, (ho) is the same as
the contribution ofy(b) to deg, (h1).

If vir1(a) = yme1(b) = 0, then the total
contribution ofy(a) and~(b) to deg, (ho) is zero.

Summing over all the components/of!(y) that
are paths givedeg, (ho) = deg, (h1).
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The proof of unigueness iIs much simpler.

By Additivity it suffices to show that if
f'(y) = {=}, thendeg,(f) is+1 or —1
according to whetheb f(x) is orientation
preserving or reversing.

If fIs orientation preserving af, this is
Normalization.

If fIs orientation reversing at, one can

construct a homotopy between a function that has
no preimages of (and thus has degree zero by
Additivity) and a function that agrees within a
neighborhood of and has another preimage:pf

at which the function is orientation preserving.




The determinant of a block diagonal matrix is the
oroduct of the determinants of the blocks, so:

Proposition:lf X andY arem-dimensional vector
spaces X’ andY’ arem’-dimensional vector spaces,
C c X andC’ ¢ X'are compact,and : C — Y
andf’ . C" — Y’ are smoothly degree admissable
overy andy’ respectively, then

fxf:OxC =YxY', (z,2)— (f(z),f (),
is smoothly degree admissible overt y'), and

deg(y,y’)(f X f/) — degy(f) ) degy’(f/)'

- p. 49



The chain rule gives:

Proposition:lf X, Y, andZ arem-dimensional vector
spaces(C' C X andD C Y are compactf : C — D
andg : D — Z areC*™, g Is smoothly degree
admissable over, g '(2) = {y1, ...,y }, andf is
smoothly degree admissible over eaghtheng o f Is
smoothly admissible over. If, in addition,

Dy, ..., D, are pairwise disjoint compact subsets of

D such that for each y; Is contained in the interior of
D;, then

deg.(go f) = Zdegy, ) - deg, (g/p

—p. 50
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ForC' Cc X andf :(C — X let

F(f)={zeC: flz)=x}
be the set of fixed points gf. A C* function
f : C'— X issmoothly index admissibie
C'Is a compact subset of;
0 Is a regular value ofd~ — f;

F(f)ynoC = 0.

If fIs smoothly index admissible, then theed point
iIndexof f Is

Ax(f) = degy(Idc — f).
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The axiomatic characterization of the smooth fixed
point index Is a translation of the characterization of
the smooth degree.

(Normalization) IfC' C X Is compact,
r e C\0C,andc: C — X is the constant

function with valuer, thenAx(c) = 1.

(Additivity) If f: C' — X Is smoothly index
admissible(, ..., C, are pairwise disjoint
compact subsets of, 7(f) c |, C;, and
F(f)NoC; = forall i, then

Ax() = Y Ax(fle)




A C* homotopyh : C' x [0,1] — X is smoothly
admissiblaf:




A C* homotopyh : C' x [0,1] — X is smoothly
admissiblaf:

C'Is a compact subset of;




A C* homotopyh : C' x [0,1] — X is smoothly
admissiblaf:
C'Is a compact subset of;

0 is a regular value ofx,t) — x — h(z, 1),
Ide — hy, andIdC — hq;




A C* homotopyh : C' x [0,1] — X is smoothly
admissiblaf:
C'Is a compact subset of;

0 is a regular value ofx,t) — x — h(z, 1),
Ide — hy, andIdC — hq;

Forallt € [0, 1], F(h;) NOC = 0.




A C* homotopyh : C' x [0,1] — X is smoothly
admissiblaf:

C'Is a compact subset of;

0 is a regular value ofx,t) — x — h(z, 1),
Ide — hy, andIdC — hq;

Forallt € [0, 1], F(h;) NOC = 0.

(Homotopy) Ifh : C' x [0,1] — X is a smoothly
admissible homotopy, then

Ax(ho) = Ax(hy).
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Theorem:The smooth index is the unique integer
valued function on the set of smoothly index

admissible functions that satisfies Normalization,
Additivity, and Homotopy.

This Is an immediate consequence of the
axiomatic characterization of the smooth degree.




The analogous property of the degree implies that:

Proposition:If X andX’ are finite dimensional vector
spaces( C X andC’ C X’ are compact, and

f:C—=Yandf :(C"— Y’ are smoothly index
admissable, then

fxf:O0xC — XxX', (2,2) = (f(x), f(2"),

IS smoothly index admissible, and

Ax(f < ) =Ax(f) - Ax(f').
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Proposition:lf X andY are finite dimensional vector
spaces(C' C X andD C Y are compactf : C — D
andg : D — Z areC*,andg o f andf o g are
smoothly index admissible, then

Ax(gof) =Ay(foyg)

This iIsnota consequence of the earlier result
concerning the degree of a composition.

In fact the underlying linear algebra result was
not known prior to the 1948 Ph.D. thesis of Felix

Browder.

This property of the index Is the key to extending
the index to very general spaces.




Proposition:(Jacobson (1953) pp. 103-108)ippose
K:V —>WandL: W — V are linear
transformations, wherg andiV are vector spaces of
dimensionsn andn respectively over an arbitrary
field. Supposen < n. Then the characteristic
polynomialskx, andx of KL andL K are related

by the equatiomx;(A) = A" "k (). In particular,

/{LK(l) — ‘Idv — LK‘ — ‘IdW — KL‘ — /{KL(l).
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Proof. We can decompodé andV as direct sums
V=vieWeWeV,W=WaeWaeW;eW,
where

‘/1 — ker KﬂlmL, ‘/1@‘/2 — 1111[/7 ‘/1@% — ker [(7

and similarly forlV. With suitably chosen bases the
matrices of/X and L have the forms

0 Ko 0 Kyy 0 L 0 Ly |
0 Koo 0 Koy 0 Loo O Loy
0 0 0 0 and 10 0 0 o

000 0 0 000 0 0

—p. 59



Computing the product of these matrices, we find that
A =KoLy 0 —Kialoy
0 A — Koloy 0 —Kogloy
0 0 A 0
0 0 0 i
Using elementary facts about determinants, this

reduces toixr(\) = X" F|A\I — KyyLosy|, Where
k = dim Vo = dim W;.

IQKL()\) —

—p. 60



In effect this reduces the proof to the special case
Vo =V andW, = W, I.e. K andL are iIsomorphisms.
But this case follows from the computation

Mdy — LK| = |L7Y - |M\dy — LK]| - |L|

= |L7'(\Idy — LK)L| = |[Mldy — KL|.

—-p.61
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A vector fleldon C' C X Is a continuous function

z . C — X. Anequilibriumof z is a pointz € C
suchthat(z) =0. Let&(z) ={x € C: z2(x) =0}
be the set of equilibria of. If z1s C*°, It Is smoothly
vector field admissibld:

C'Is a compact subset of;
0 I1s a regular value of;

E(z)NoC = 0.

If z1s smoothly vector field admissible, then the
vector field index/find(z) of z isdeg,(z). The
Interpretation (a dynamical system) is different, but

mathematically this is just a special case of the
degree, so it has the same properties.



Advanced Fixed Point Theory

3. Using Sard’s Theorem to Extend the
Degree and Index
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Our next goal Is to extend the theory of degree and
iIndex to allow for:

Functions that are only continuous, rdt°.

Sets of preimages (or fixed points, or equilibria)
that are infinite.

Our method Is to show that satisfactory definitions of
extensions are obtained by requiring the degree (or
iIndex, or vector field index) to be that of nearGy°
objects. To this end we will:

Study the approximation of continuous functions
by C* functions.

State (but not prove) Sard’s theorem.
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We will need some basic terminology and concepts
concerning infinite dimensional spaces, but not more
than this.

A topological vector spac€l'VvS) is a vector
space endowed with a Hausdorff topology with
respect to which vector addition and scalar
multiplication are continuous.

The continuity of addition implies that the
topology Is characterized by the
neighborhoods of the origin.

A TVS is locally convexf every neighborhood of
the origin contains a convex neighborhood of the
origin.
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A normon a vector spack Is a function

|- || : V — [0,00) such that for alk, y € V' and
a € R:

z|| = 0ifand only if x = 0;

ar| = |af - ||z

vyl <zl +llyll-

A normed spaces vector space endowed with a
norm. It is automatically endowed with the topology
derived from the associated met(ic y) — ||z — y
and Is thus a locally convex TVS.
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Recall that a metric spaceaesmpletaf every Cauchy
seqguence Is convergent.

Exercise:Prove that any metric spa¢&, d) can
be Isometrically embedded in a complete metric

space X, d) such thatX is the closure ofY, and
(X, d) is unique up to isometry.

A Banach spaces a complete normed space.

Exercise:Prove that any normed space can be
isometrically embedded in a Banach spéte

such that is the closure o/, andV is unique
up to iIsometry.
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Let V andWW be normed spaces, and I§tC V' be
compact.

C'(K, W) is the space of continuous functions
f.K—=W.

EndowingC' (K, W) with addition and scalar
multiplication, defined pointwise, makes it a
vector space.

We endow It with the norm

[ Flloe = max [ f ()]

ek

Exercise:Prove that ifl} I1s a Banach space, then
C'(K,W) is a Banach space.
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Now assume thdat andW are finite dimensional. Let
C>*(K,W) be the set o> functionsf : K — W.

Proposition:C*°(K, W) is dense irC' (K, W).
The key idea is thée'*° function

exp(—1/1), t> 0,
alt) = {o,p t<0.

By induction,a") (t) = P.(1/t) exp(—1/t)
for some polynomiaPp..
a(t) - a(l —t)is a “bump” function with
compact support. Multidimensional bump
functions can be added together, etc.
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Fora > 0, a setS C R"” hasa-dimensional
Hausdorff measure zerf for anye > 0, there is a

sequence (z;,d;) ;52 such that

Sc|JBs(z;) and ) & <e.
j j

Theorem:LetU C R™ be open,andlef : U — R"
be aC” function. For0 < p < m let R, be the set of

pointsz € M such that the rank @b f(z) is less than
or equal top. Thenf(R,) hasa-dimensional measure

zero for allae > p + ==L,
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Section 3.4 of FedererGeometric Measure Theory
proves this, and shows it to be best possible.

A setS ¢ R" hasmeasure zerd It has
n-dimensional Hausdorff measure zero.

The caser = n andp < n — 1 in the result above
reduces to the better known version of the result:

Sard’s TheoremLetU C R be open, and let
f: U — R" be aC” function. Ifr > min{m — n, 0}
then the set of critical values gfhas measure zero.

See Milnor’'sTopology from the Differentiable
Viewpoint The special case. = n Is proved on
p. 85 of Spivak'sCalculus on Manifolds
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defined to beleg, (/') for f*: C' — Y sufficiently
close tof that are smoothly degree admissible oyer
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(Normalization) If f Is smoothly degree
admissible ovey and f~!(y) is a single point at
which f Is orientation preserving, then

deg, (f) = 1.
(Additivity) If f : C — Y Is degree admissible
overy, C,...,C, are pairwise disjoint compact
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Instead of generalizing homotopy in the obvious
manner (which would be possible) we take a
somewhat more general perspective.

(Continuity) If f Is degree admissible over
then there is a neighborhodad c C(C,Y) of f
such that for eacll’ € U, f’is degree admissible

overy anddeg, (f') = deg,(f).
Exercise:llf h: C'x [0,1] - Yisa

homotopy, thert — h; IS a continuous path In
C(C,Y), and conversely.

Thus Continuity implies Homotopy.



(Multiplication) If X andY arem-dimensional vector
spaces,X’ andY’ arem’-dimensional vector spaces,
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(Multiplication) If X andY arem-dimensional vector
spaces,X’ andY’ arem’-dimensional vector spaces,
C ¢ X andC’ ¢ X' are compact,and: C — Y
andf’ . " — Y’ are degree admissable oveandy’
respectively, therf x " : CxC' =Y xY'lis
degree admissible ovéy,y'), and

deg,,)(f x f') = deg,(f) - deg, ().

Theorem:There Is a unique integer valued function
on the set of degree admissible functions ayer
called thedegree that satisfies Normalization,
Additivity, and Continuity. It also satisfies
Multiplication.



Since Continuity implies Homotopy, the restriction of
any function satisfying our conditions to the functions
that are smoothly degree admissible oy@nust agree
with the smooth degree.

—-p. 76
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There areC>* ' . C' — Y that are arbitrarily close to
f and are smoothly degree admissible ayer

SinceC*(C,Y)isdense inC(C|Y), there are
C* f’ that are arbitrarily close tg.
Sard’s theorem implies that the set of regular

values of such arf’ are dense, and if is a
regular value off’, theny is a regular value of

x> f(e) +y—vy.
If f"is sufficiently close tof, then
' Hy)noc = 0.
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Continuity implies that the degree of amyovery
must be the smooth degree of the nearby functions
that are smoothly degree admissible oyer

In view of the uniqueness of the smooth degree,
this establishes the uniqueness claim.

This definition of the degree gf overy Is
unambiguous: iff’ and f” are smoothly degree
admissible over, then

(2, ) = (1 =8)f'(z) + t["(2)

Is aC'> homotopy, which is smoothly degree
admissible ovey if f/ and f” are sufficiently
close tof.
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It remains to show that the degree, so defined, satisfie
all conditions.

Normalization is satisfied automatically.
The construction implies that Continuity holds.

Additivity and Multiplication follow easily from
the fact that these conditions are satisfied by the
smooth degree.
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If fIsindex admissible, then tHexed point indeof

f s
Ax(f) = degy(lde — f).
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r e C\0C,andc: C — X is the constant
function with valuer, then
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(Multiplication) If X and X’ are finite
dimensional vector spaces,C X andC’ C X’
are compact,and: C — Y andf' : C' — Y’
are index admissable, then

fxf:OxC'— XxX', (z,2")— (f(x), f'(z),
IS Index admissible, and

Ax(f < 1) = Ax(f) - Ax(f').

Theorem:The index is the unique integer valued
function on the set of index admissible functions that
satisfies Normalization, Additivity, and Continuity. It
also satisfies Commutativity and Multiplication.
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A vector fieldz : C — X Isvector field admissiblé:
C'Is a compact subset of;
E(z)NoC = 0.

If 2z IS vector field admissible, then tivector field
indexvfind(z) of z is deg;(z2).

As before, the main properties of the vector field
Index are inherited from the properties of the
degree.




Advanced Fixed Point Theory

4. Absolute Neighborhood Retracts
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In the Kakutani fixed point theorem, the conclusion is
topological, but the hypotheses are geometric. Can th
hypotheses be weakened?

A topological spaceX is contractibleif there is a
continuous functior : X x [0, 1] — X such that
co = Idx andc; IS a constant function.

A star shaped set is contractible, so convex sets
are contractible.

Does a continuous function from a compact
contractible set to itself necessarily have a fixed point?

Kinoshita’'s example shows that the answer is no!
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We first introduce some ingredients:

Letx : [0, 1]
k(0) = 0;
z < k(z)<1lforall0<z<1;
k(1) = 1.

Letp: R, — |0,1) be a homeomorphism.

— 10, 1] be continuous with:

Of coursep(0) = 0, p is strictly increasing,
andp(t) — 1 ast — oc.

Fix a numbee € (0, 27).
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We work with polar coordinates, identifying
(r,0) € R, x Rwith (rcos6,rsin#).
The unit circle isC' := { (r,0) : r =11},
The open unitdisk i® :={ (r,0) : r < 1}.
(C x [0,1]) U (D x {0}) = “tin can.”
Forr > 0lets(r) := (p(7), 7).

TheimageS ={s(7): 7> 0} ofsisa
curve that spirals out, asymptotically
approaching’.

S x [0, 1] = “roll of toilet paper.”
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The space of the example Is
X =(Cx[0,1))u(D x{0})U (S x (0,1)]).

Evidently X Is closed, hence compact.
X Is contractible. To contract it:

push.X down onto(C U D) x {0};
then contrac{C' U D) x {0} to the origin.

Let f1 : C' x |0,1] — X be the function
f1(1,0,2) := (1,0 — (1 = 2z2)e, k(2)).

fi1(1,60,2) # (1,0, z) (k(z) = z implies that
2z = 0,1, ande Is not a multiple of27).
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Observe thaD = { (p(t),0) : t > 0,0 € R }.
Let fo : D x {0} — X be the function

~[(0,0,1 —=t/e), 0<t<e,
f2(p(t)7970) T {(p(t—S),e _57())7 e < t.

fomaps{ (p(t),0) :0 <t <e 0 ecR}onto
{(0,0,t) :0<t<1}.

It stretcheq (p(t),0) : ¢ < t,0 € R} onto all of
D while rotating it bye.

f> does not have any fixed points (the first
components (that is, the radius) B p(t), 0,0) is
strictly less tharp(t) except whent = 0).
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f3(s(7),2) .= (s((t+¢€)z),1 — (1 — Kk(2))T/e)

If 0 <7 < e and setting
f3(s(1) = (s(T — (1 = 22)¢), k(%))
If e <.

Observe thafs(s(e), z) = (s(2e2), k(2))
according to either formula.

Thereforefs i1s well defined and continuous.
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We claim thatf; has no fixed points. First suppose
thatT < ¢, so that

f3(s(1),2) = (s((t+€)z),1 — (1 — k(2))T/e).

The case = 0: f5(s(7),0) = (s(0),1 —7/¢)
The case = 1: f3(s(7),1) = (s(t +¢),1)
The case = 0: f3(s(0),2) = (s(ez), 1)

The case = <: f3(s(e), 2) = (s(2e2), k(%))

The equatiorr =1 — (1 — k(2))7 /¢ Is equivalent
to (1 — k(z))T = (1 — 2)e, which is impossible
when0 < z < 1 because:(z) > z.
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Now suppose that > ¢, so that

f3(s(1) = (s(1 = (1 = 22)¢), K(2))
The case = 0: f3(s(7),0) = (s(7 — €),0).
The case = 1: f5(s(7),1) = (s(7 +¢), 1).




Now suppose that > ¢, so that

f3(s(7) = (s(7 = (1 = 22)¢), K(2))
The case = 0: f3(s(7),0) = (s(7 — ¢),0).
The case = 1: f5(s(7),1) = (s(7 +¢), 1).

There cannot be any fixed point with< z < 1
because in this case< x(z).
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It remains to show thaf;, f», and f; combine to give
a continuousf : X — X.

fo and f3 combine to form a continuous function
on the union of their domains because

ko0 = 222

Exercise:Prove that if{(r,,6,,0)} is a sequence
in D x {0} converging ta1,6,0) € C x {0},
thean(Tn, Qn, O) — fl(l, (9, O)

Exercise:Prove that if{ (s(7,), z,) } IS @ sequence
in S x [0,1] converging ta1,6, z) € C x {0},
thenfS(S(Tn)a Zn) — fl(la (97 Z)
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A retractionof X onto A Is a continuous
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We say thatd i1s aneighborhood retracin X If
Als aretract of an opelh C X.

A metric spaced Is anabsolute neighborhood retract
(ANR) if h(A) is a neighborhood retract whenevgr

IS a metric spacé; : A — X Is an embedding, and
h(A) is closed inX.

Our main goals are:
To give sufficient conditions for a space to be an

ANR that imply that lots of spaces are ANR’s.

To explain the main result used to extend the
theory of the fixed point index to ANR’s.
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Fix a topological spac&.

A family {5, }.c; of subsets ofX is locally finite
If everyz € X has a neighborhood” such that
there are only finitely mang with W N S, # 0.

A cover{Vs}sep of X is arefinemendf a cover
{Us}acr if eachVjp is a subset of somé,.

The spaceX Is paracompactf every open cover Is
refined by an open cover that is locally finite.

Theorem:If X Is a metric space, then itis
paracompact.

A brief proof Is given by Rudin, ME (1969) Proc.
Am. Math. Soc. 20:603.
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A partition of unityfor X subordinate to an open
cover{U, }.cs is a collection of continuous functions
{1, : X — [0,1]},e7 Such that:

Yo(x) =0forall« andx ¢ U,;
> s Ya(x) =1 for eache.

Recall thatX I1s normalif any two disjoint closed sets
are contained in disjoint open sets.

Theorem:If X is normal and U, }.c; is a locally
finite open cover, then there Is a partition of unity
subordinate tq U, }.
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finite open cover, then there is an open coMEr} «;
such that for each, the closure ot/ Is contained In

U,

If X Is a metric space we can e}, be the set of
x € U, such thatl(z, X \ Ug) < 3d(x, X \ Uy)
for all 5 # o such thatr € Us.

Urysohn’s Lemmalilf X isnormaland” C U C X
with C closed and/ open, then there Is a continuous

©: X — 0,1 with o(x) =0forallz € X \ U and
p(x) =1forallz € C.

For a metricX setp(x) = ;a2\
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Proof of the Theorem:

Let {V,}.cr be an open cover of with

V., cU,forall a.

For eachx let p, : X — |0, 1] be continuous
with ¢, (x) =0forallz € X \ U, and

vo(r) =1forallz € V,.
For eachx let ), : X — |0, 1] be the function

) — 9004(37)
Valt) = 5~ os@)
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for metric spaces.
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The following generalizes Tietze’ extension theorem
for metric spaces.

Theorem:/f A is a closed subset of a metric space

(X,d), Y is alocally convex topological vector space,
andf : A — Y Is continuous, then there Is a

continuous extensiofi : X — Y whose image is
contained in the convex hull gf(A).

To prove this:

SinceX \ A is metric, hence paracompact, the
open covel B, 4y/2(7) }.ex\ s has alocally
finite refmemenl{U baer.
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Let {p. }acr be a partition of unity subordinate to
{Ua}aél-
For eachn choosen, € A with

d(as, Uy) < 2d(A,U,).

Define the extension by setting

f(2) =) @ale)f(an)

acl

forx e X\ A.

Exercise:Prove thatf is continuous.
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It Is easy to be an ANR:

Theorem:A metric spaced is an ANR If it (or Its
homeomorphic image) is a retract of an open subset O
a convex subset of a locally convex linear space.

To prove this let : U — A be a retraction, where
U Is an open subset of a convex gét

Supposé: : A — X mapsA homeomorphically

ontoac

Dugundj]

osed subsét A) of a metric space.
i's theorem implies thadt ! : h(A) — U

has a continuous extensign X — C.

ThenV := j-1(U) is a neighborhood aof(A),
andhorojly : V — h(A) is a retraction.
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Exercise:Prove that any finite simplicial complex
7 1s a neighborhood retract of an open subset of &
Euclidean space. (HIntl I1s a subcomplex of the
setA of probablility measures on its set of
vertices.)

If C'Is a compact metric space, the set of
bounded regular measures @ns a vector space.
Theweak topologys the coarsest topology such
that for eachf € C(C) the functiony — [ fdu

IS continuous. This topology Is locally convex, so
the set of probability measures 6his an ANR
because It IS convex.

The tubular neighborhood theorem implies that a
C? submanifold of a Euclidean space is an ANR.
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Proposition:(Kuratowski, Wojdyslawski)A metric
spaceX has an embedding: X — C(X) such that
(X)) is a relatively closed subset of a convex set, and
IS a closed subset af (X)) if X is complete.

Exercise:For eachr € X let f, € C'(X) be the
function f,.(y) := min{1,d(x,y)}. Prove that
L. x — f, IS satisfactory.
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Theorem:If A is an ANR, then there Is a convex
subsetl’' of Banach space such that (a homeomorphic
Image of)A 1s both a closed subset 6fand a retract

of a neighborhood/ C C.

Proof. Leth : A — Z (whereZ Is a Banach
space) such that mapsA homeomorphically
ontoh(A) andh(A) is closed in the relative
topology of its convex hulC'. SinceA Is an
ANR, there Is a relatively opeti € C' and a

retractionr : U — h(A).
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A metric spaced is anabsolute retrac{AR) if h(A)
IS a retract ofX wheneverX Is a metric space,

h: A — X is an embedding, and A) is closed.
The most important facts concerning AR’s are:

Theorem:For a metric spacd the following are
equivalent:

Als an AR.

There I1s a convex subsétof a Banach space
such that (a homeomorphic image dff)s both a
closed subset af’ and a retract of’.

A Is a contractible ANR.
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Fix a metric spaceéX, d).

If Y Is a topological space ard> 0, a homotopy
n:Y x[0,1] — X is ane-homotopyif
dn(y,t),n(y,t")) < eforally, € Y and

t,t' € 1]0,1]. We say that), andrn, are
e-homotopic

A topological spacé) s-dominates’ C X If
there are continuous functions: C' — D and

Y : D — Xsuchthatpoyp:(C — X Is
e-homotopic tald.




Theorem:f X Is a separable ANR and C X is
compact, then for any > 0 there Is a finite simplicial

T complex such that7'| e-dominates”.




Theorem:f X Is a separable ANR and C X is
compact, then for any > 0 there Is a finite simplicial

T complex such that7'| e-dominates”.

One can easlily show that if this is true for the
metricd, then it is true for any equivalent metric.
Therefore we may assume that:




Theorem:f X Is a separable ANR and C X is
compact, then for any > 0 there Is a finite simplicial

T complex such that7'| e-dominates”.

One can easlily show that if this is true for the
metricd, then it is true for any equivalent metric.
Therefore we may assume that:

X IS a closed subset of convex sub&evf a
Banach space.



Theorem:f X Is a separable ANR and C X is
compact, then for any > 0 there Is a finite simplicial

T complex such that7'| e-dominates”.

One can easlily show that if this is true for the
metricd, then it is true for any equivalent metric.
Therefore we may assume that:

X IS a closed subset of convex sub&evf a
Banach space.

There Is a retraction : U — X where
U C C'is relatively open.
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For eachr € X choosep, > 0 such that

By, (r) CU and r(By,(z)) C B.a(x).
Choosery, ..., z, such that

U:=1{By, (21),..., By, (zn)}

IS a cover ofC.

Notation: for each” = B, (z;) € U let
ry = x;, and letey be the corresponding
standard unit basis vector Bf.
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Ny = U, >y)
where the elements al;; are() and the simplices
con({ey:V o}
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Thenerveof U/ Is the simplicial complex
Ny = (U, Xy)
where the elements al;; are() and the simplices
con({ey:V o}

for those finites C U such thaf),., V # 0.

Let{ay : X — |0, 1]}y <y be a partition of
unity of C' subordinate té/.
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Let o : C' — |Ny| be the function

o(r) = ay(r)ey.
Vel
Let ) : [Ny — X be the function
¢(25vev> — T(Zﬁvl‘v)-
Vel Vel

The homotopy; : C' x [0,1] — X is

n(x,t) = 7“((1 —t) Z ay(z)ry + tx).
Vv
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Let X andY be topological spaces, and létC X be
compact, and let/, U’ C X be neighborhoods of.

Continuous functiong : U — Y, f/: U =Y
have the same germ dtif f|,, = f’| for some
neighborhood” C U N U’ of A.

This Is easily seen to be an equivalence
relation.

Its equivalence classes are caltgErmsof
continuous functions fronX to Y at A.

Let g4(X,Y) be the set of such germs.
For f as above let 4( f) be its equivalence
class.

We say thatf is arepresentativef vy ( f).
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Let V andWW be finite dimensional vector spaces.

Additivity implies thatAy (f) = Ay (f|c) when
f: C — Visindex admissible and a compact
C' C C containsF(f) in its interior.

This means that ( f) is really an attribute of
the germ off at F(f).

Recall CommutativityAy (g o f) = Aw (f o g)
whenC' C V andD C W are compact,

f:C — Dandg: D — (C are continuous, and
go fandf o g are Index admissible.

Actually, we only needf andg to be defined
on neighborhoods aF (g o f) andF(f o g).
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Germs can be recombined in several ways.

If v e ga(X,Y)andZ C A is compact, then the
restriction|, of v to Z is defined by requiring
that a representative ofis also a representative
of v|z.

If v e ga(X,Y),negp(Y,Z),andvy(A) C B,
then thecomposition o v is the germ atd of a
composition of representatives ofandn.

Fory € g4(X,Y)andy' € g4 (X', Y’) we define
v X € gaxar(X x X', Y x Y’) to be the germ
of f x f/, (z,2") — (f(x), f'(«")) wheref and f’
are representatives ofand~’.
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Let ANR be the class of locally compact ANR'’s, and
fix X € ANR.

A continuous functiorf : ¢ — X, where
C C X Is compact, isndex admissibld

F(f)ynoC = 0.
Let Zx be the set of sucl.

A germ~y € g4(X, X) isindex admissiblé it
has a representative: ¢ — X whereC' C X Is
compact,A N oC = (), andF(f) C A.

Let Gx be the set of such germs.
Letmx : Ix — Gx be the functionf — vz (f).
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Theorem:There Is a unigue system of functions
Ax : Gx — Zfor X € ANR satisfying:

(Normalization) For allX € ANR andz € X, if
c, : X — X IS the constant function with value

x, then
Ax (v (cr)) = 1.

(Additivity) If X € ANR, v € Gx has domain
A,andA,, ..., A, are pairwise disjoint compact
subsets ofd with F(v) C A;U...U A,, then

Ax(y) = ZAX(V‘AJ -
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(Continuity) For eachX € ANR and compact
C C X, Ax omx|c(o.x)nzy 1S CONtinuous.

(Commutativity) If X, X' ¢ ANR, A C X and
A" C X" are compacty € g4(X, X') and

v € ga (X', X)with~y(A) C A'andy/(A") C A,
and’ o v and~ o 7 are index admissible, then

Ax( o) =Axi(yo7').

In addition these functions satisfy:

(Multiplication) If X, X' ¢ ANR,~ € Gx, and
v € Gx, then

Axxx(y xv') = Ax(7) - Ax (7).
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Fix X € ANR, acompactd C X, and
S gA(X,X) ﬂgx.

Fix a compact’ C X that contains4 in its
interior andf : C' — X such thaty4(f) = v and
F(f) C A.

For “sufficiently small’s > 0 let 7 be a finite
simplicial complex that-dominates”' by virtue

of the mapsp : C' — |T|andy : |T| — X and
thes-homotopyn : C' x [0,1] — X with

no = Ide andn; = ¢ o .

Embed| 7| in someR™. Since|T | is an ANR

there is a retraction: U — |7 | whereU is a
neighborhood of7 | whose closure is compact.
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Let B C C' be a neighborhood of (/) such that
n(xz,t) € Cforall (x,t) € B x [0, 1].

We wish to define\ y by setting
Ax(v) = Agm(po foro T\r—l(zp—l(B)))-

(Here we writeA x (f) in place of
Ax(mx(f))-)

We are motivated by the calculation
Agm(po fotpor|,—1y-1p))) = Ax(poroypo f|p)

= Ax(poywo flg) = Ax(ni o f|B)
— Ax(ﬁo O f‘B) — AX(f‘B)



The calculation above shows that if a system
{Ax}xeanvr satisfying our conditions exists, the
formula we wish to take as a definition must hold.
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The calculation above shows that If a system

{Ax}xeanvr satisfying our conditions exists, the
formula we wish to take as a definition must hold.

This establishes the Theorem’s unigueness
assertion.

It remains to:

Show that the definition is workable, in the

sense of begin well posed and independent of
choices.

Show that when\ x Is defined in this way, all
conditions are In fact satisfied.

We omit these numerous and lengthy
verifications.
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5. Approximation of Correspondences by
Functions
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Our topic in this section is the following result.

Theorem:Suppose thak” andY are ANR’s, X Is
separable, and' and D are compact subsets af
with C Cint D. Let F': D — Y be an upper

hemicontinuous contractible valued correspondence.

Then for any neighborhoold” of Gr(F'|-) there are:
(a) acontinuoug : C' — Y with Gr(f) C W;

(b) a neighborhoodll’” of Gr(F£") such that, for any
two continuous functiongy, f1 : D — Y with
Gr(fy), Gr(f1) € W', there is a homotopy
h:C X [0,1] %YWithh():fOC,hlzfl
andGr(h;) C Wforall0 <t < 1.

C
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We have the following concerns:

We will use the result above to extend the theory
of the fixed point index to contractible valued
correspondences.

We will say a few things about the proof.

Probably time will not permit a lengthy
discussion.

Notation: If C' andY are metric spaces with
compoact, thet/ (C,Y') is the space of upper
hemicontinuous correspondendes C' — Y, with
the topology generated by the base of open sets
Uy ={F :Gr(F)CcW }whereW C C' xY'is
open.
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Let X andY be topological spaces, and létC X be
compact, and let/, U’ C X be neighborhoods of.

Upper hemicontinuous correspondences

F:U=Y,6 F:

U’ — Y have the same germ at

Aif F|y = F'|y for some neighborhood
V. cUnNU'of A.

The equivalence classes of this equivalence

relation areg

ermsof upper hemicontinuous

correspondences froki to Y at A.
Let G4(X,Y) be the set of such germs.
For F' as above let" 4 (F) be its equivalence

class.

We say thatF' is arepresentativef I' 4 (F).
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As before, germs of correspondences can be
recombined.

If ' € G4(X,Y)andZ C Ais compact, then the

restrictionI’|; of I' to Z is defined by requiring
that a representative éfis also a representative

of F‘Z

Forl' € G4(X,Y)andl” € G4 (X', Y") we
definel’ x IV € G4x4v(X X X", Y x Y') to be
the germ ofF” x F’, (z,2") — F(x) x F'(2')
whereF and F' are representatives dfandl”.
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Fix X € ANR.

An upper hemicontinuous contractible valued
correspondencé’ : C' — X, whereC C X IS

compact, isndex admissiblg F(F) N oC = 0.
Let 7y be the set of such'.

Agerml’ € G4(X, X) isindex admissiblé it
has a representative € U(C, X ) N Jx, where
C' C X is compact, withF(F') C A.

Let Cx be the set of such germs.
ForF' € Ix letnx(F) := 'z (F).
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Theorem:There Is a unigue system of functions
Ax : Cx — Zfor X € ANR satisfying:

(Normalization) For allX € ANR andz € X, if
c, : X — X IS the constant function with value

x, then
Ax (v (cr)) = 1.

(Additivity) If X € ANR,I" € Cx has domain
A,andA,, ..., A, are pairwise disjoint compact
subsets oA with #(I') C A;U...U A,, then

Ax(T) = ZAX(F\AJ -
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(Continuity) For eachX € ANR and compact
C C X, Ax omx|yc.x)ngy 1S CONtinuoUs.

(Commutativity) If X, X' ¢ ANR, A C X and
A" C X" are compacty € g4(X, X') and

v € ga (X', X)with~y(A) C A'andy/(A") C A,
and’ o v and~ o 7 are index admissible, then

Ax(v' o) =Ax(y07).
In addition these functions satisfy:

(Multiplication) If X, X' ¢ ANR,T € Cx, and
[V € Cx/, then

AXXX’(F X F/) — AX(F) y AX/(F/).
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FixanX € ANR and agerni’ € Cy.

Let G be a representative ofwith
F(G) = F(I'), and letC be the domain of-.

Let W be a neighborhood dfr(G) that does not
intersect{ (z,z) : x € 0C }.

The Theorem gives a neighborho@dc W of
Gr(G) such that forany mapg), f1 : C — X
with Gr( fy), Gr(f1) C V there is a homotopy
h:C — [O 1] — X with Ay = f(), hi = fl, and
Gr(h:) C W for all ¢.

The Theorem also gives a continuctisC' — X
with Gr(f') C V,and we set\x(I") := Ax(f).



Advanced Fixed Point Theory

6. Sequential Equilibria as Fixed Points
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This topic considers sequential equilibria of finite
extensive games.

After looking at an example, we lay out the
machinery of extensive form game theory.

Sequential equilibria is defined.

A well behaved (uhccv) correspondence Is
Introduced that (roughly speaking) has the set of
sequential equilibria as its fixed points.

By perturbing this correspondence, or
defining subcorrespondences, we may define
refinements of the sequential equilibrium
concept.




Quiche game from Cho and Kreps (1987):

The Beer
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The set of possible states of the game, which are
callednodesis a finite sefl".

Let < (“precedes”) be a strict partial ordering
(transitive irreflexive binary relation) df.

Fort e T'let P(t) :={x €T : x <t} be the set
of predecessoref ¢.

We assume thdtl’, <) is anarborescencefor
eacht, P(t) is completely ordered b¥.

Notation: Let:
W={weT:Pw)=0}, X=T\Z Y =T\W,

andZ ={ze€T:P'(2)=0}.
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There Is a partitior{ of X whose cells are called
iInformation sets

For eachh € H there is a nonempty set;, of
actionsthat may be chosen at

Thereisafunctior: |, .z h X A = Y,

c(z, a) is theimmediate consequenoé
choosingn € A, atx € H.

Fory € Y letp(y) = max P(y).

We require that for each andz € H,
c(z,-) : Ay, — Y mapsA, bijectively onto
p~ ().
Definea : Y — J, A, implicitly by
requiring thate(p(y), a(y)) = v.
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There is afinite sef = {1,...,n} of agentsand a
surjection. : H — I the specifies which agent
chooses the action at each information set.

We assume thaderfect recallholds: for all

he H x,2' € hyandy € (P(z)U{z})NY
such that(n(p(y))) = ¢(h), there is a

y' € (P(2')u{2'}) NY such thatu(y/) = a(y).

In words, anything that happenedui@) on
the way tor must also have happened on the
way tox’.
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The description of the game Is completed by
specifying:
Theinitial assessmens p € A°(W).

The theory works equally well if we allow the
different agents to have different prior beliefs

in A°(W); the assumption that all priors are
the same Is called thdarsanyi doctrine

There Is gpayoff function

w=(u1,...,u,): Z — R
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Let A =1]], A, be the set opure behavior strategy
profiles.

Forx € X andy € Y withz < yletC(y|z) C A
be the set of pure strategy profiles that lead from
rtoy: a € C(y|z) if and only for each

v e {2 € Ply) :y = 2’} the action specified by
a at the information set containing is the one
that leads towarg.

Fort € T'letC'(t) C W x A be the set of initial
node-pure strategy pairs that induce

C(t) = {w} x C(t|w) wherew is the initial
predecessor of
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Letll = | [, .5 A(A) be the set obehavior strategy
profiles

LetIl° = | [,.y A°(As) be the set ointerior or
totally mixedbehavior strategy profiles.

Form e II:
If x < y, the probability of going fronx to y

IS
P (y|z) = H?Th (ylz)).

The probability that € 1" occurs Is

= (px | [m)(C(t
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Form € II° definey™ € M by setting

pr, (@ Z P"(z

x'eH

Let U° = { (m,u™) : m € II° }, and let¥ be the
closure ofU° In I x M.

An element of¥ Is aconsistent assessment

A consistent assessmentmserior If it IS
contained inv°.
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Given an assessmeft, (1), agent’s expected
payoff conditional on information sétis

E™ (uilh) =Y pn(x) Y PT(z]x)ui(2)

xreh z2€/

Form € 11, h € H, anda € A, let|a denote the
behavior strategy profile that agrees witlat all
Information sets other thalnand assigns playing
a With probabllity one toh.

Let

by (7, 1) = argmaxaeAhE”‘a’“(ub(h)\h).
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An assessmerttr, 1) is sequentially rationalf
7, € A(by(m, 1)) forallh € H.

An assessmeilttr, ;1) is asequential equilibrium
If it IS consistent and sequentially rational.

An Inductive calculation shows that a
sequential equilibrium is rational in the
conceptually correct sense: there is no
Information set such that the agent who
chooses there can increase her expected
payoff, conditional on that information set, by
changing her behavior at that information set
and/or other information sets she controls.
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For an assessmeft, 1) let
O(m,pu) ={(a", 1)) € ¥ :m € Alby(m, n)) forall b }

It is easy to show thab(, ) # 0.

Therefored : Il x M — VIS a
correspondence.

Since the relevant expected payoffs are
continuous functionsp is upper hemicontinuous.

t Is easy to see that the fixed pointsdfire
orecisely the sequential equilibria.

s U contractible, and i$ contractible valued?
These questions are open
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A conditional systerp on a finite setd Is an
assignment of a probability measuyre|E£) € A(FE)
to each nonempty’ C A such that

p(ClE) = p(C|D) - p(D|E)
whenevelC ¢ D ¢ E C Awith D # (.

A*(A) is the set of conditional systems ahn
Thereisamap : A*(A) — A(A), p— p(-|A).

Exercise:Prove thatA*(A) is the closure of
01 (A%(A)).
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Let B be another finite set.

If s: A — B Is a surjection, the map
os: A*(A) — A*(B) is given by

o5(p)(D|E) = p(s"(D)[s"(E)) .

LetC': A — B be a correspondence that is
injective in the sense that the various s€ts)
are pairwise disjoint.
An induced ma@. : A*(B) — A*(A) is
given by

bc(q)(DIE) = q( | ) C(a)| | ] C(a))

acD acl



If p € A°(B), andp € A*(A), we define
p®pe A*(B x A) by setting

b,a)eD b) - a
(p®@p)(D|E) := 2 (bayep P(0) - P(10}

> wayer P() - p({aj
whereE' = {a: (b,a) € E }.

E"
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Now let A = [ [, .y A

Forh € H lety, : A — A, be the natural
projection.

Let = be the closure of 6 ' (], 71,) : m € II° } in
A*(A).

This I1s the domain of the well behaved
correspondence.
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For¢ € = we definey(&) = (w(&), u(é)) e I x M
where, for each € H:
m(§) = 0(0;,(8));
pn(§) = (8¢, (p ®€)).
Exercise:lf = € I1I° and¢ = 6 (][, ), then
v(§) = (m, 7).

Since~ is continuous, it follows that (=) = V.
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We definel’ : = — = by setting

L&) = () m (Ab(v(9)))).

he H

Evidently¢ is a fixed point ofl* if and only If
v(&) is a sequential equilibrium.

Suppose tha, — £. Sincey and the conditional
expected payoffs are continuous functions,

br(v(&,)) C br(~(£)) for sufficiently largen, so
[' Is upper hemicontinuous.

Theorem:lI' Is contractible valued.

SinceZz Is a possible value df, it follows that
= IS contractible.
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If p € A*(A) anda,b € A, let

Ap(a,b) = lnp(al{a,b}) — lnp(bl{a,b}) € [~oc, o]
These numbers satisfy the relations
Mp(b,a) = —X,(a,b) and A,(a,c) = A,(a, b))+, (b, )

for all a, b, c such that the sum is defined.

Conversely, for a system of (extended) numbers
A(a, b) satisfying these conditions define
px € A*(A) by setting

ZaeD exp()\(aa b))
PA(D|E) = > .cp€Xp(A(a, b))
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The map — A\, and\ — p, are inverse
homeomorphisms.

The logarithmic framework has a major
advantage: linear algebra can be applied.

In particular, the image df[, A°(A;) is a
linear subspace.

The general idea Is to show that (the
homeomorphic image of) &t is a simplicial
complex, and a Euclidean ball. The

contractibility of best response sets is established
by repeatedly retracting simplices.
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/. Dynamic Stablility and the Fixed Point
Index
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We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

The necessary condition for stability of an

Isolated equilibrium is well known in the theory
of dynamic systems.

Expecially in game theory, we are interested In
Infinite sets of equilibria.

To this end we will:

Review basics of ordinary differential equations.

Introduce dynamic stablility concepts and results.

Sketch the proof of the general necessary
condition.
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Let U C R™ be open, and let be a vector field oi/.

A C!functiony: I — U (I C R aninterval) is a
trajectoryof z if 7/(s) = 2, for all s.

Let (X, d) and(Y, e) be metric spaces, and let
f X — Y be afunction.

For L > 0, f Is L-Lipschitzif
e(f(x), f(«") < Ld(z,z") forall z, 2" € X.
fis Lipschitzif it is L-Lipschitz for somel.

f is locally Lipschitzif eachx € X has a
neighborhood’ such thatf|;; is Lipschitz.
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"heorem:(Picard-Lindelof)If z Is a locally Lipschitz,
then for any compact’ C U there is arr > 0 such
that there is a unique functiafi : C' x [—¢,¢] - U
such that for each € C, F(z,0) =z andF(z,-)is a
trajectory ofz. In additionF’ is continuous, and if Is
C*? (1 <s < oo)thensolisF.

ldea: If z is L-Lipschitz and|z(x)|| < M for all x,
Bs(C) C U, andMe < ¢, then the operator

D:CO(C x [—¢,¢], Bs(C)) — C(C x [—¢,¢], Bs(C))

defined byl'(F)(x,t) = x + [, 2(F(z,s))ds is a
contraction.
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Theflow domainof z is the set ofp,t) € U x R such
thatift < 0 (¢ > 0) there is a trajectory : [t,0] — U
(v : [0,t] — U) of z with v(0) = p.

Proposition:The flow domain of is an open

W c U x R that containd/ x {0}. Thereis a
unique functiond : W — U (which is continuous and
C* (1 <s<o0)if zisC?) such for eachy € U,

d(p, ) is a trajectory ofz. If (p,s) € W and
(®(p,s),t) € W, then(p,s+t) € W and

b(p,s+t)=D(P(p,s),t).

Exercise:Prove this.
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A Cc Uisinvariantif A x [0,00) C W and
b(A,t) C Aforallt > 0.

A Is stablelf, for any neighborhood’” of A, there
is a neighborhood of A such that®(p,t) € V
forall p € Z andt > 0.

A 1s uniformly attractivelf there Is a
neighborhood” of A such that” x [0,00) C W
and for any neighborhood of A, there is a

T > 0such thatb(V x [T, 00)) C Z.

The invariant set isiniformly asymptotically stablié
It IS compact, stable, and uniformly attractive.
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Thedomalin of attraction ofd Is the setD of
pointsp such thatim sup, .. d(®(p,t), A) = 0.

A Lyapunov functiorfior D is aC"* function
L:D — |0,00) such that:
L~Y0) = A.
There isa : (0,00) — (0, 00) such that
—DL(p)z(p) > a(d(p, A)) forallp € D.

L(p,) — oo wheneveKp, } is a sequence
converging to a point outside a@.

If there Is a Lyapunov function, the# is
asymptotically stable. (Easy)

If A Is asymptotically stable, then there is a
Lyapunov function. (F. Wesley Wilson)
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Below here things have only been copied and pasted,
and things need to be revised carefully.

Thevector field indexf a set of equilibria of Is
the set’s fixed point index for the function

a:p e p+((p).
This Is probably false! Check carefully.




Claim: If A is an asymptotically stable set feyand
an ANR, then the index oft with respect to: Is the

Euler characteristicy s, = A(Id,4) of A.

—p. 160



It suffices to show thay 4 Is the fixed point index
of A with respect to the function

Bs :pr—p+0z(p)

for somed > 0.

—p. 161



Let D be the domain of attraction fot. SinceA
IS asymptotically stable, hence Lyapunov stable,

there is a Lyapunov functioh : D — |0, c0).




Let D be the domain of attraction fot. SinceA
IS asymptotically stable, hence Lyapunov stable,

there is a Lyapunov functioh : D — |0, c0).

SinceA Is an ANR, for sufficiently smalt > 0
there Is a retraction : N — A where
N = L7([0,¢]).




Let D be the domain of attraction fot. SinceA
IS asymptotically stable, hence Lyapunov stable,

there is a Lyapunov functioh : D — |0, c0).

SinceA Is an ANR, for sufficiently smalt > 0
there Is a retraction : N — A where
N = L7([0,¢]).

We haved (N x [0,00)) C N.




Let D be the domain of attraction fot. SinceA
IS asymptotically stable, hence Lyapunov stable,

there is a Lyapunov functioh : D — |0, c0).

SinceA Is an ANR, for sufficiently smalt > 0
there Is a retraction : N — A where
N = L7([0,¢]).

We haved (N x [0,00)) C N.

Sincez Is inward pointing oro N and Lipschitz,
there iIs someé > 0 such that convex combination
gives an IAH betwee; and® (-, d)| .



Let D be the domain of attraction fot. SinceA
IS asymptotically stable, hence Lyapunov stable,

there is a Lyapunov functioh : D — |0, c0).

SinceA Is an ANR, for sufficiently smalt > 0
there Is a retraction : N — A where
N = L7([0,¢]).

We haved (N x [0,00)) C N.

Sincez Is inward pointing oro N and Lipschitz,
there iIs someé > 0 such that convex combination
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It suffices to show that 4 Is the fixed point
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s — ®(-, s)|y gives an IAH betwee®(-,0)|n
and any®(-,t)| .

If ¢ Is sufficiently large, then convex combination
gives an |IAH betwee®® (-, )|y andr o ®(-, t)|y.

s+ 1ro®d(-, s)|y gives an IAH between
ro®(-,t)|yandro ®(-,0)|y =r.

It suffices to show thay 4 Is the fixed point
iIndex of A with respect to-.

If 2+ : A — N Is the inclusion, Commutativity
gives

Ar)=Aor)=A(roi)=A(Ids) = xa.
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