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Introduction
Why should we study fixed point theory?

• The main equilibrium existence theorems (Nash
and general equilibrium) are equivalent to
Brouwer’s fixed point theorem.
• That is, economic theoryis fixed point theory.

• Refinements of Nash equilibrium are often
defined in terms of fixed points of perturbations
of the best response correspondence.

• The mathematical concepts and tools used to
study fixed points are useful throughout
economics.
• We will emphasize mathematical concepts

and key results, with key ideas of proofs.
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Main Topics
• Brouwer and Kakutani via imitation games.
• Degree, fixed point index, and vector field index

for smooth functions (regular case) in Euclidean
context.

• Sard’s theorem, and extensions of index-degree to
continuous functions.

• Absolute neighborhood retracts.
• Approximation of contractible valued

correspondences by functions.
• Conditional systems and sequential equilibrium.
• Dynamic stability and relation to index.
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• Exercise:A polytope is the intersection of finitely
many half spaces. An intersection of finitely
many half spaces is a polytope if it is bounded.
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• A face isproper if it is not P itself.
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sumα0p0 + · · ·+ αipi whereα0, . . . , αi are real
numbers withα0 + · · ·+ αi = 1.

• We say thatp0, . . . , pi areaffinely independentif
it is not possible to write one of them as an affine
combination of the others. (Equivalently,
p1 − p0, . . . , pi − p0 are linearly independent.)
• A simplexis the convex hull of an affinely

independent collection of points.
• Thedimensionof a polytope is the maximald

such that the polytope has elementsp0, . . . , pd
that are affinely independent.
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Types of Faces
A face of a polytopeP is:

• avertexif it is zero dimensional.
• Formally a vertex is a set containing a single

point, but usually we regard it as the point
itself.

• Exercise:An extreme pointof P is a point in
P that is not a convex combination of other
elements ofP . Prove that the vertices ofP
are its extreme points.

• anedgeif it is one dimensional.
• a facetif it is a maximal proper face.

• The interior of P is the set of points that are
not in any facet.



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:

• any face (including∅) of an element ofT is
an element ofT ;



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:

• any face (including∅) of an element ofT is
an element ofT ;

• the intersection of any two elements ofT is a
(possibly empty) common face.



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:

• any face (including∅) of an element ofT is
an element ofT ;

• the intersection of any two elements ofT is a
(possibly empty) common face.

• Thespaceof T is|T | =
⋃

P∈T P .



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:

• any face (including∅) of an element ofT is
an element ofT ;

• the intersection of any two elements ofT is a
(possibly empty) common face.

• Thespaceof T is|T | =
⋃

P∈T P .

• Thedimensionof T is dim T = maxP∈T dimP .



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:

• any face (including∅) of an element ofT is
an element ofT ;

• the intersection of any two elements ofT is a
(possibly empty) common face.

• Thespaceof T is|T | =
⋃

P∈T P .

• Thedimensionof T is dim T = maxP∈T dimP .
• Ti is the set ofi-dimensional elements ofT .



Polytopal Complexes
• A (finite) polytopal complexis a finite collection
T of polytopes such that:

• any face (including∅) of an element ofT is
an element ofT ;

• the intersection of any two elements ofT is a
(possibly empty) common face.

• Thespaceof T is|T | =
⋃

P∈T P .

• Thedimensionof T is dim T = maxP∈T dimP .
• Ti is the set ofi-dimensional elements ofT .
• If all of its elements are simplices, thenT is a

simplicial complex.
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• For eachP ∈ T \ {∅} choosevP ∈ int P .
• Let T ′ = {∅} ∪ { conv{vP1

, . . . , vPk
} :

P1, . . . , Pk ∈ T \ {∅}, P1 ⊂ · · · ⊂ Pk }.
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• Exercise:Prove thatT ′ is a simplicial complex
and|T ′| = |T |.

• Let diam(P ) = maxx,y∈P ‖x− y‖.

• Letmesh(T ) = maxP∈T diam(P ).
• Thebarycenterof the simplexconv{v1, . . . , vk}

is the point1k(v1 + · · ·+ vk).

• If T is a simplicial complex and eachvP is the
barycenter ofP , thenT ′ is thebarycentric
subdivisionof T .
• Ugly Calculation:In this case

mesh(T ′)

mesh(T )
≤

dim T

dim T + 1
.
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Sperner’s Lemma
• Let e1 = (1, 0, . . . , 0), . . . , ed = (0, . . . , 0, 1) be

the standard unit basis ofRd.
• Let∆ = conv({e1, . . . , ed}).
• Let T be a simplicial complex with|T | = ∆.

• We say thatT is atriangulationof ∆.
• A Sperner labelingfor T is a function
ℓ : T0 → {1, . . . , d} with vℓ(v) > 0 for all v.

• A completely labelledsimplex forT andℓ is a
conv({v1, . . . , vd}) ∈ Td−1 such that
{ℓ(v1), . . . , ℓ(vd)} = {1, . . . , d}.

Sperner’s Lemma:A Sperner labelling of a simplicial
subdivision of∆ has a completely labelled simplex.
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BFPT: First Proof
Brouwer’s Fixed Point Theorem:For any continuous
f : ∆ → ∆ there is anx∗ ∈ ∆ such thatf(x∗) = x∗.
To prove this take a sequence{T r} of triangulations
of ∆ with mesh(T r) → 0.

• For eachr:
• Forv ∈ T r

0 let ℓr(v) = min{ i : vi > fi(v) }.
• Chooseconv({vr1, . . . , v

r
d}) ∈ T r

d−1 such that
ℓr(vr1) = 1, . . . , ℓr(vrd) = d.

• Pass to a convergent subsequence, so that
vri → x∗ for some (hence all)i, sox∗i ≥ fi(x

∗) for
all i, but

∑

i x
∗
i =

∑

i fi(x
∗) = 1.
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• Forv ∈ T0, 0 ≤ t ≤ 1, let v(t)=(1− t)v+teℓ(v).

• ForP = conv({v1, . . . , vd}) ∈ Td−1 let

qP (t) = det(v2(t)− v1(t), . . . , vd(t)− v1(t)).

• qP (1) = 0 if P is not completely labelled.

• LetQ(t) =
∑

P∈Td−1
qP (t).

• Q is a polynomial function oft that is
± det(e2− e1, . . . , ed− e1) in a neighborhood
of zero, so it has this value everywhere.

Thus
∑

P∈Td−1
qP (1) = Q(1) 6= 0.
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The Imitation Game Method
We now study a different method of proving fixed
point theorems, and computing fixed points, due to
McLennan and Tourky.

• LetC ⊂ R
d be a nonempty compact convex set.

• Let F : C → C be an upper semicontinuous
convex valued (usccv) correspondence. That is,
for eachx ∈ C:
• F (x) ⊂ C is nonempty, compact, and convex;
• for everyε > 0 there is aδ > 0 such that
F (x′) ⊂ Bε(F (x)) for all x′ ∈ Bδ(x).

Kakutani’s Fixed Point Theorem:F has a fixed
point: x∗ ∈ F (x∗) for somex∗ ∈ C.
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Intuitive Motivation
Consider a two person game in which for each player
the set of pure strategies isC, and the payoffs are:

• u(x, y) = −minz∈F (y) ‖x− z‖2.

• v(x, y) = δxy. (Kroneckerδ)

Fixed points off are in 1-1 correspondence with the
pure Nash equilibria of this game:

• If f(x∗) = x∗, then(x∗, x∗) is Nash.
• If (x∗, y∗) is Nash, thenx∗ ∈ F (y∗) andy∗ = x∗.

We study a similar game in which the common
strategy set is a finite subset ofC.



Two Player Games
A two player gameis a pair(A,B) in which, for
given positive integersm andn, A andB arem× n
payoff matriceswith real entries.



Two Player Games
A two player gameis a pair(A,B) in which, for
given positive integersm andn, A andB arem× n
payoff matriceswith real entries.

• Let∆k−1 = { ρ ∈ R
k
+ :

∑

i ρi = 1 } be the
(k − 1)-dimensional simplex.



Two Player Games
A two player gameis a pair(A,B) in which, for
given positive integersm andn, A andB arem× n
payoff matriceswith real entries.

• Let∆k−1 = { ρ ∈ R
k
+ :

∑

i ρi = 1 } be the
(k − 1)-dimensional simplex.

• A mixed Nash equilibriumof (A,B) is a pair
(σ, τ) ∈ ∆m−1 ×∆n−1 such that:



Two Player Games
A two player gameis a pair(A,B) in which, for
given positive integersm andn, A andB arem× n
payoff matriceswith real entries.

• Let∆k−1 = { ρ ∈ R
k
+ :

∑

i ρi = 1 } be the
(k − 1)-dimensional simplex.

• A mixed Nash equilibriumof (A,B) is a pair
(σ, τ) ∈ ∆m−1 ×∆n−1 such that:

• σTAτ ≥ σ̃TAτ for all σ̃ ∈ ∆m−1;



Two Player Games
A two player gameis a pair(A,B) in which, for
given positive integersm andn, A andB arem× n
payoff matriceswith real entries.

• Let∆k−1 = { ρ ∈ R
k
+ :

∑

i ρi = 1 } be the
(k − 1)-dimensional simplex.

• A mixed Nash equilibriumof (A,B) is a pair
(σ, τ) ∈ ∆m−1 ×∆n−1 such that:

• σTAτ ≥ σ̃TAτ for all σ̃ ∈ ∆m−1;
• σTBτ ≥ σTBτ̃ for all τ̃ ∈ ∆n−1.



Two Player Games
A two player gameis a pair(A,B) in which, for
given positive integersm andn, A andB arem× n
payoff matriceswith real entries.

• Let∆k−1 = { ρ ∈ R
k
+ :

∑

i ρi = 1 } be the
(k − 1)-dimensional simplex.

• A mixed Nash equilibriumof (A,B) is a pair
(σ, τ) ∈ ∆m−1 ×∆n−1 such that:

• σTAτ ≥ σ̃TAτ for all σ̃ ∈ ∆m−1;
• σTBτ ≥ σTBτ̃ for all τ̃ ∈ ∆n−1.

The game(A,B) is animitation gameif m = n andB
is them×m identity matrix, which we denote byIm.
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The Procedure
Initialization: choosex1 ∈ C andy1 ∈ F (x1).

Recursion: ifx1, . . . , xm, y1, . . . , ym ∈ C are given:

• Let (Am, Im) be the imitation game in which the
m×m matrixA has entries

aij = −‖xi − yj‖
2.

• Find a Nash equilibrium(σm, τm) of (Am, Im).

• Let xm+1 =
∑m

j=1 τ
m
j yj. Takeym+1 ∈ F (xm+1).

We will show that any accumulation pointx∗ of {xm}
is a fixed point ofF .
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• Simply becauseC is compact,

lim
m→∞

min
j=1,...,m

‖xj − xm+1‖ = 0.

• Of courseσmj > 0 wheneverτmj > 0.

• Claim: Wheneverσmi > 0, xi is as close toxm+1

as any otherxh.
• Thus{xj : τmj > 0} ⊂ Bδ(xm+1) for all largem.
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• For infinitely manym we havexm+1 ∈ Bδ(x
∗).

• Therefore for somem it is the case that

{xj : τ
m
j > 0} ⊂ Bδ(xm+1) ⊂ B2δ(x

∗).

• For such anm we have

xm+1 =
∑

j

τmj yj ∈
∑

j

τmj F (xj) ⊂ Bε(F (x
∗)).

• Finally x∗ ∈ Bδ(xm+1) ⊂ Bδ+ε(F (x
∗)).
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Proof of the Claim
Player1’s expected payoff if she playsi is

u(i, τm) =
m
∑

j=1

τmj aij = −
m
∑

j=1

τmj 〈xi − yj, xi − yj〉.

We expand the inner product after writing

xi − yj = (xi − xm+1) + (xm+1 − yj),

then use
∑

j τ
m
j (xm+1 − yj) = 0 to see that

u(i, τm) = −‖xi − xm+1‖
2 −

m
∑

j=1

τmj ‖xm+1 − yj‖
2.
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The Lemke-Howson Algorithm
A pivoting algorithm that computes a Nash
equilibrium of a two person game was given by
Lemke and Howson (1964).

• Since this proves the existence of an equilibrium,
in conjunction with the procedure above is gives
a proof of the KFPT.

• Combined with the procedure above, it gives an
algorithm for finding anapproximate fixed point
of a continuous functionf : C → C, since a
condition for halting such as

‖xm+1 − f(xm+1)‖ < ε

will eventually be satisfied.
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Complexity of 2-Nash
Is there a polynomial time algorithm for2-Nash,
which is the problem of finding a Nash equilibrium of
a two person game?

• For several years Papadimitriou promoted this
question as (along with factoring) "the most
important open problem on the boundary ofP."

• In many senses 2-Nash "looks like" linear
programming, and the Lemke-Howson algorithm
closely resembles the simplex method.

• Like the simplex method, Lemke-Howson works
well in practice, solving games with dozens or
hundreds of strategies.
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However, Chen and Deng (2005) showed that 2-Nash
is complete forPPAD.

• They give a polynomial time procedure that
passes from any fixed point problem described by
a Turing machine to a two person game whose
equilibria can be "translated" (in polynomial
time) into solutions of the given problem.

• Hirsch, Papadimitriou, and Vavasis (1989) show
that algorithms for computing an approximate
fixed point that obtain all their information about
the function from an “oracle” that evaluates it
have exponential worst case running times.

• In view of this, it is exceedingly unlikely that a
polynomial time algorithm for 2-Nash exists.
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Degree and Index: Introduction
We now study “the same” mathematical structure
from three different points of view.

• The degree counts the number of times a function
covers a point in the range, where
orientation-reversing coverings count negatively.

• The fixed point index counts the number of fixed
points that are qualitatively like a constant
function minus the number that are not.

• The vector field index transports these concepts
to vector fields, which are thought of as
dynamical systems.

We study these first in the best behaved setting.
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Orientation
The notion of orientation expresses intuitively
familiar phenomena. (The world in the mirror is
different, a right shoe can’t be turned into a left shoe
by rotating it, etc.) Formally it is expressed in terms
of equivalence classes of bases.

• LetX be anm-dimensional vector space.
• Let Fm(X) be the set ofm-frames(ordered

bases)(v1, . . . , vm) of X.
• An orientationof X is a connected component of
Fm(V ).

Proposition:There are exactly two orientations ofX.
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Proof
For any(e1, . . . , em) ∈ Fm(X) the map

A 7→ (
∑

j

a1jej, . . . ,
∑

j

amjej)

is a linear bijection between the set ofm×m
matricesA = (aij) andXm.

• There are at least two orientations because there
cannot be a continuous path inFm(X) between
elements ofFm(X) whose corresponding
matrices have determinants of opposite signs.
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To prove that there are at most two orientations:

• If (v1, . . . , vm) ∈ Fm(X) andi 6= j, then

t 7→ (v1, . . . , vi + tvj, . . . , vm)

is a map fromR to Fm(X).
• Combining such paths, we can go from any
m-frame to(

∑

j b1jej, . . . ,
∑

j bmjej) with
bij 6= 0 for all i andj.

• Continuing from this point, such paths can be
combined to eliminate all off diagonal
coefficients, arriving at an ordered basis of the
form (c1e1, . . . , cmem).
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• From here we can continuously rescale the
coefficients, arriving at(d1e1, . . . , dmem) with
di = ±1 for all i.

• Starting at any(v1, . . . , vm) ∈ Fm(X), for any
i = 1, . . . ,m− 1 there is a path

θ 7→ (. . . , cos θvi+sin θvi+1, cos θvi+1−sin θvi, . . .)

that goes to(v1, . . . ,−vi,−vi+1, . . . , vm).
• Thus there is a path inFm(X) from anym-frame

to either(e1, . . . , em) or (−e1, e2, . . . , em).
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Regular Points and Values
LetX andY be finite dimensional vector spaces, let
U ⊂ X be open, and letf : U → Y be aC1 function.

• The derivative off atx (which is a linear
function fromX to Y ) is denoted byDf(x).

For anyS ⊂ X, a functionf : S → Y isC1 (by
definition) if it has aC1 extension to an open superset
of S.

• x ∈ S is aregular pointof f if Df(x) is well
defined (the same for everyC1 extension) and
surjective. Otherwisex is acritical point of f .

• y ∈ Y is acritical valueof f if f−1(y) contains a
critical value. Otherwisey is aregular valueof f .
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Oriented Vector Spaces
An oriented vector spaceis a vector spaceX with a
specified orientation.

• We say that(v1, . . . , vm) ∈ Fm(X) is positively
orientedif it is an element of the specified
orientation, and otherwise it isnegatively
oriented.

Now letX andY be orientedm-dimensional vector
spaces.

• If S ⊂ X, f : S → Y isC1, andx is a regular
point off , thenf is orientation preserving
(orientation reversing) atx if Df(x) maps
positively orientedm-frames ofX to positively
(negatively) orientedm-frames ofY .
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Smooth Degree
ForC ⊂ X let ∂C = C ∩X \ C. A C∞ f : C → Y
is smoothly degree admissibleovery ∈ Y if:

• C is a compact subset ofX;
• y is a regular value off ;

• f−1(y) ∩ ∂C = ∅.

If f is smoothly degree admissible overy, then the
degreedegy(f) of f overy is the number of
x ∈ f−1(y) at whichf is orientation preserving minus
the number ofx ∈ f−1(y) at whichf is orientation
reversing.
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Properties of Smooth Degree
We will work axiomatically, specifying properties of
the smooth degree that characterize it.

• (Normalization) Iff is smoothly degree
admissible overy andf−1(y) is a single point at
whichf is orientation preserving, then
degy(f) = 1.

• (Additivity) If f : C → Y is smoothly degree
admissible overy, C1, . . . , Cr are pairwise
disjoint compact subsets ofC, f−1(y) ⊂

⋃

iCi,
andf−1(y) ∩ ∂Ci = ∅ for all i, then

degy(f) =
∑

i

degy(f |Ci
).
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• A C∞ homotopyh : C × [0, 1] → Y is smoothly
degree admissibleovery ∈ Y if:
• C is a compact subset ofX;
• y is a regular value ofh, h0, andh1;
• h−1(y) ∩ (∂C × [0, 1]) = ∅.

• (Homotopy) Ifh : C × [0, 1] → Y is a smoothly
degree admissible homotopy overy ∈ Y , then

degy(h0) = degy(h1).

Theorem:The smooth degree is the unique integer
valued function on the set of smoothly degree
admissible functions overy that satisfies
Normalization, Additivity, and Homotopy.
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Remarks on the Proof
• Normalization is a special case of the definition.
• It is obvious that the degree satisfies Additivity.

The proof that the degree satisfies Homotopy has
more substance. Leth : C × [0, 1] → Y be aC∞

homotopy that is degree admissible overy.

• The implicit function theorem (and a bit of
sweating the details) implies thath−1(y) is a
finite union of smooth loops and line segments.

• Suppose thatγ : [a, b] → C × [0, 1] is a smooth
parameterization of the one of the line segments,
with γ′(t) 6= 0 for all t.
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t=0 t=1

γ′(a)

γ′(t)

γ′(t′)

γ′(b)

• γ′m+1(a) 6= 0 6= γ′m+1(b) becausey is a regular
value ofh0 andh1.
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• Let v1, . . . , vm : [a, b] → X × R be smooth
functions such that:
• (v1(t), . . . , vm(t), γ

′(t)) ∈ Fm+1(X × R) for
all t;

• (v1(a), . . . , vm(a)) and(v1(b), . . . , vm(b)) are
(in effect)m-frames forX, because all final
components are zero.

• Proving that suchv1, . . . , vm exist is a rather
tedious construction.
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• If γm+1(a) = 0 andγm+1(b) = 1, then
(v1(a), . . . , vm(a)) and(v1(b), . . . , vm(b)) have
the same orientation.
• This is also the case ifγm+1(a) = 1 and
γm+1(b) = 0.

• If γm+1(a) = γm+1(b) = 0, then
(v1(a), . . . , vm(a)) and(v1(b), . . . , vm(b)) have
opposite orientation.

• This is also true ifγm+1(a) = γm+1(b) = 1.
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(Dh(γ(t))v1(t), . . . , Dh(γ(t))vm(t)) ∈ Fm(Y ).

• By continuity the orientation of thism-frame
is the same for allt.
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contribution ofγ(a) to degy(h0) is the same as
the contribution ofγ(b) to degy(h1).
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• For all t,Dh(γ(t))γ′(t) = 0, so

(Dh(γ(t))v1(t), . . . , Dh(γ(t))vm(t)) ∈ Fm(Y ).

• By continuity the orientation of thism-frame
is the same for allt.

• If γm+1(a) = 0 andγm+1(b) = 1, then the
contribution ofγ(a) to degy(h0) is the same as
the contribution ofγ(b) to degy(h1).

• If γm+1(a) = γm+1(b) = 0, then the total
contribution ofγ(a) andγ(b) to degy(h0) is zero.

• Summing over all the components ofh−1(y) that
are paths givesdegy(h0) = degy(h1).
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The proof of uniqueness is much simpler.

• By Additivity it suffices to show that if
f−1(y) = {x}, thendegy(f) is+1 or −1

according to whetherDf(x) is orientation
preserving or reversing.

• If f is orientation preserving atx, this is
Normalization.

• If f is orientation reversing atx, one can
construct a homotopy between a function that has
no preimages ofy (and thus has degree zero by
Additivity) and a function that agrees withf in a
neighborhood ofx and has another preimage ofy
at which the function is orientation preserving.



Other Properties of Degree
The determinant of a block diagonal matrix is the
product of the determinants of the blocks, so:

Proposition:If X andY arem-dimensional vector
spaces,X ′ andY ′ arem′-dimensional vector spaces,
C ⊂ X andC ′ ⊂ X ′ are compact, andf : C → Y
andf ′ : C ′ → Y ′ are smoothly degree admissable
overy andy′ respectively, then

f ×f ′ : C×C ′ → Y ×Y ′, (x, x′) 7→ (f(x), f ′(x′)),

is smoothly degree admissible over(y, y′), and

deg(y,y′)(f × f ′) = degy(f) · degy′(f
′).

– p. 49



The chain rule gives:

Proposition:If X, Y , andZ arem-dimensional vector
spaces,C ⊂ X andD ⊂ Y are compact,f : C → D
andg : D → Z areC∞, g is smoothly degree
admissable overz, g−1(z) = {y1, . . . , yr}, andf is
smoothly degree admissible over eachyi, theng ◦ f is
smoothly admissible overz. If, in addition,
D1, . . . , Dr are pairwise disjoint compact subsets of
D such that for eachi, yi is contained in the interior of
Di, then

degz(g ◦ f) =
∑

i

degyi(f) · degz(g|Di
).

– p. 50
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Smooth Fixed Point Index
ForC ⊂ X andf : C → X let

F(f) = {x ∈ C : f(x) = x }

be the set of fixed points off . A C∞ function
f : C → X is smoothly index admissibleif:

• C is a compact subset ofX;
• 0 is a regular value ofIdC − f ;
• F(f) ∩ ∂C = ∅.

If f is smoothly index admissible, then thefixed point
indexof f is

ΛX(f) = deg0(IdC − f).



b

b

b

+1

−1

+1

0 1
0

1
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Properties of the Smooth Index
The axiomatic characterization of the smooth fixed
point index is a translation of the characterization of
the smooth degree.

• (Normalization) IfC ⊂ X is compact,
x ∈ C \ ∂C, andc : C → X is the constant
function with valuex, thenΛX(c) = 1.

• (Additivity) If f : C → X is smoothly index
admissible,C1, . . . , Cr are pairwise disjoint
compact subsets ofC, F(f) ⊂

⋃

iCi, and
F(f) ∩ ∂Ci = ∅ for all i, then

ΛX(f) =
∑

i

ΛX(f |Ci
).
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A C∞ homotopyh : C × [0, 1] → X is smoothly
admissibleif:

• C is a compact subset ofX;
• 0 is a regular value of(x, t) 7→ x− h(x, t),
IdC − h0, andIdC − h1;

• For all t ∈ [0, 1], F(ht) ∩ ∂C = ∅.

(Homotopy) Ifh : C × [0, 1] → X is a smoothly
admissible homotopy, then

ΛX(h0) = ΛX(h1).
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Additivity, and Homotopy.

• This is an immediate consequence of the
axiomatic characterization of the smooth degree.



Other Properties of the Index
The analogous property of the degree implies that:

Proposition:If X andX ′ are finite dimensional vector
spaces,C ⊂ X andC ′ ⊂ X ′ are compact, and
f : C → Y andf ′ : C ′ → Y ′ are smoothly index
admissable, then

f×f ′ : C×C ′ → X×X ′, (x, x′) 7→ (f(x), f ′(x′)),

is smoothly index admissible, and

ΛX(f × f ′) = ΛX(f) · ΛX ′(f ′).
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Commutativity

Proposition:If X andY are finite dimensional vector
spaces,C ⊂ X andD ⊂ Y are compact,f : C → D
andg : D → Z areC∞, andg ◦ f andf ◦ g are
smoothly index admissible, then

ΛX(g ◦ f) = ΛY (f ◦ g).

• This isnot a consequence of the earlier result
concerning the degree of a composition.

• In fact the underlying linear algebra result was
not known prior to the 1948 Ph.D. thesis of Felix
Browder.

• This property of the index is the key to extending
the index to very general spaces.



Linear Algebra
Proposition:(Jacobson (1953) pp. 103–106)Suppose
K : V → W andL : W → V are linear
transformations, whereV andW are vector spaces of
dimensionsm andn respectively over an arbitrary
field. Supposem ≤ n. Then the characteristic
polynomialsκKL andκLK of KL andLK are related
by the equationκKL(λ) = λn−mκLK(λ). In particular,

κLK(1) = |IdV − LK| = |IdW −KL| = κKL(1).

– p. 58



Proof. We can decomposeV andW as direct sums
V = V1 ⊕ V2 ⊕ V3 ⊕ V4,W = W1 ⊕W2 ⊕W3 ⊕W4

where

V1 = kerK∩imL, V1⊕V2 = imL, V1⊕V3 = kerK,

and similarly forW . With suitably chosen bases the
matrices ofK andL have the forms








0 K12 0 K14

0 K22 0 K24

0 0 0 0

0 0 0 0









and









0 L12 0 L14

0 L22 0 L24

0 0 0 0

0 0 0 0








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Computing the product of these matrices, we find that

κKL(λ) =

∣

∣

∣

∣

∣

∣

∣

∣

λI −K12L22 0 −K12L24

0 λI −K22L22 0 −K22L24

0 0 λI 0

0 0 0 λI

∣

∣

∣

∣

∣

∣

∣

∣

Using elementary facts about determinants, this
reduces toκKL(λ) = λn−k|λI −K22L22|, where
k = dimV2 = dimW2.

– p. 60



In effect this reduces the proof to the special case
V2 = V andW2 =W , i.e.K andL are isomorphisms.
But this case follows from the computation

|λIdV − LK| = |L−1| · |λIdV − LK| · |L|

= |L−1(λIdV − LK)L| = |λIdW −KL|.

– p. 61



Smooth Vector Field Index
A vector fieldonC ⊂ X is a continuous function
z : C → X. An equilibriumof z is a pointx ∈ C
such thatz(x) = 0. Let E(z) = {x ∈ C : z(x) = 0 }
be the set of equilibria ofz.
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Smooth Vector Field Index
A vector fieldonC ⊂ X is a continuous function
z : C → X. An equilibriumof z is a pointx ∈ C
such thatz(x) = 0. Let E(z) = {x ∈ C : z(x) = 0 }
be the set of equilibria ofz. If z isC∞, it is smoothly
vector field admissibleif:

• C is a compact subset ofX;
• 0 is a regular value ofz;
• E(z) ∩ ∂C = ∅.

If z is smoothly vector field admissible, then the
vector field indexvfind(z) of z is deg0(z). The
interpretation (a dynamical system) is different, but
mathematically this is just a special case of the
degree, so it has the same properties.



Advanced Fixed Point Theory

3. Using Sard’s Theorem to Extend the
Degree and Index

– p. 63
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Continuous Degree and Index
Our next goal is to extend the theory of degree and
index to allow for:

• Functions that are only continuous, notC∞.
• Sets of preimages (or fixed points, or equilibria)

that are infinite.

Our method is to show that satisfactory definitions of
extensions are obtained by requiring the degree (or
index, or vector field index) to be that of nearbyC∞

objects. To this end we will:

• Study the approximation of continuous functions
byC∞ functions.

• State (but not prove) Sard’s theorem.
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Infinite Dimensional Spaces
We will need some basic terminology and concepts
concerning infinite dimensional spaces, but not more
than this.

• A topological vector space(TVS) is a vector
space endowed with a Hausdorff topology with
respect to which vector addition and scalar
multiplication are continuous.
• The continuity of addition implies that the

topology is characterized by the
neighborhoods of the origin.

• A TVS is locally convexif every neighborhood of
the origin contains a convex neighborhood of the
origin.



Normed Spaces
A normon a vector spaceV is a function
‖ · ‖ : V → [0,∞) such that for allx, y ∈ V and
α ∈ R:



Normed Spaces
A normon a vector spaceV is a function
‖ · ‖ : V → [0,∞) such that for allx, y ∈ V and
α ∈ R:

• ‖x‖ = 0 if and only if x = 0;



Normed Spaces
A normon a vector spaceV is a function
‖ · ‖ : V → [0,∞) such that for allx, y ∈ V and
α ∈ R:

• ‖x‖ = 0 if and only if x = 0;
• ‖αx‖ = |α| · ‖x‖;



Normed Spaces
A normon a vector spaceV is a function
‖ · ‖ : V → [0,∞) such that for allx, y ∈ V and
α ∈ R:

• ‖x‖ = 0 if and only if x = 0;
• ‖αx‖ = |α| · ‖x‖;
• ‖x+ y‖ ≤ ‖x‖+ ‖y‖.



Normed Spaces
A normon a vector spaceV is a function
‖ · ‖ : V → [0,∞) such that for allx, y ∈ V and
α ∈ R:

• ‖x‖ = 0 if and only if x = 0;
• ‖αx‖ = |α| · ‖x‖;
• ‖x+ y‖ ≤ ‖x‖+ ‖y‖.

A normed spaceis vector space endowed with a
norm. It is automatically endowed with the topology
derived from the associated metric(x, y) 7→ ‖x− y‖,
and is thus a locally convex TVS.
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Banach Spaces
Recall that a metric space iscompleteif every Cauchy
sequence is convergent.

• Exercise:Prove that any metric space(X, d) can
be isometrically embedded in a complete metric
space(X, d) such thatX is the closure ofX, and
(X, d) is unique up to isometry.

A Banach spaceis a complete normed space.

• Exercise:Prove that any normed space can be
isometrically embedded in a Banach spaceV

such thatV is the closure ofV , andV is unique
up to isometry.
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C(K,W )

Let V andW be normed spaces, and letK ⊂ V be
compact.

• C(K,W ) is the space of continuous functions
f : K → W .

• EndowingC(K,W ) with addition and scalar
multiplication, defined pointwise, makes it a
vector space.

• We endow it with the norm

‖f‖∞ = max
x∈K

‖f(x)‖.

• Exercise:Prove that ifW is a Banach space, then
C(K,W ) is a Banach space.
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Smooth Functions are Dense
Now assume thatV andW are finite dimensional. Let
C∞(K,W ) be the set ofC∞ functionsf : K →W .

Proposition:C∞(K,W ) is dense inC(K,W ).

• The key idea is theC∞ function

α(t) =

{

exp(−1/t), t > 0,

0, t ≤ 0.

• By induction,α(r)(t) = Pr(1/t) exp(−1/t)
for some polynomialPr.

• α(t) · α(1− t) is a “bump” function with
compact support. Multidimensional bump
functions can be added together, etc.



Sard’s Theorem
Forα > 0, a setS ⊂ R

n hasα-dimensional
Hausdorff measure zeroif, for any ε > 0, there is a
sequence{(xj, δj)}∞j=1 such that

S ⊂
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Bδj(xj) and
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Sard’s Theorem
Forα > 0, a setS ⊂ R

n hasα-dimensional
Hausdorff measure zeroif, for any ε > 0, there is a
sequence{(xj, δj)}∞j=1 such that

S ⊂
⋃

j

Bδj(xj) and
∑

j

δαj < ε.

Theorem:L etU ⊂ R
m be open, and letf : U → R

n

be aCr function. For0 ≤ p < m letRp be the set of
pointsx ∈M such that the rank ofDf(x) is less than
or equal top. Thenf(Rp) hasα-dimensional measure
zero for allα ≥ p+ m−p

r .
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Section 3.4 of Federer’sGeometric Measure Theory
proves this, and shows it to be best possible.

• A setS ⊂ R
n hasmeasure zeroif it has

n-dimensional Hausdorff measure zero.
• The caseα = n andp ≤ n− 1 in the result above

reduces to the better known version of the result:

Sard’s Theorem:L etU ⊂ R
m be open, and let

f : U → R
n be aCr function. If r > min{m− n, 0}

then the set of critical values off has measure zero.

• See Milnor’sTopology from the Differentiable
Viewpoint. The special casem = n is proved on
p. 85 of Spivak’sCalculus on Manifolds.
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Degree
LetX andY be finite dimensional vector spaces. A
continuousf : C → Y is degree admissibleover
y ∈ Y if:

• C is a compact subset ofX;

• f−1(y) ∩ ∂C = ∅.

In the argument below thedegreeof f overy will be
defined to bedegy(f

′) for f ′ : C → Y sufficiently
close tof that are smoothly degree admissible overy.
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Properties of Degree
Normalization is just as before, and the new
Additivity is an obvious slight modification.

• (Normalization) Iff is smoothly degree
admissible overy andf−1(y) is a single point at
whichf is orientation preserving, then
degy(f) = 1.

• (Additivity) If f : C → Y is degree admissible
overy, C1, . . . , Cr are pairwise disjoint compact
subsets ofC, f−1(y) ⊂

⋃

iCi, and
f−1(y) ∩ ∂Ci = ∅ for all i, then

degy(f) =
∑

i

degy(f |Ci
).
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manner (which would be possible) we take a
somewhat more general perspective.
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Instead of generalizing homotopy in the obvious
manner (which would be possible) we take a
somewhat more general perspective.

• (Continuity) If f is degree admissible overy,
then there is a neighborhoodU ⊂ C(C, Y ) of f
such that for eachf ′ ∈ U , f ′ is degree admissible
overy anddegy(f

′) = degy(f).

• Exercise:If h : C × [0, 1] → Y is a
homotopy, thent 7→ ht is a continuous path in
C(C, Y ), and conversely.

• Thus Continuity implies Homotopy.
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Multiplication
(Multiplication) If X andY arem-dimensional vector
spaces,X ′ andY ′ arem′-dimensional vector spaces,
C ⊂ X andC ′ ⊂ X ′ are compact, andf : C → Y
andf ′ : C ′ → Y ′ are degree admissable overy andy′

respectively, thenf × f ′ : C × C ′ → Y × Y ′ is
degree admissible over(y, y′), and

deg(y,y′)(f × f ′) = degy(f) · degy′(f
′).

Theorem:There is a unique integer valued function
on the set of degree admissible functions overy,
called thedegree, that satisfies Normalization,
Additivity, and Continuity. It also satisfies
Multiplication.



Proof
Since Continuity implies Homotopy, the restriction of
any function satisfying our conditions to the functions
that are smoothly degree admissible overy must agree
with the smooth degree.

– p. 76
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There areC∞ f ′ : C → Y that are arbitrarily close to
f and are smoothly degree admissible overy:

• SinceC∞(C, Y ) is dense inC(C, Y ), there are
C∞ f ′ that are arbitrarily close tof .

• Sard’s theorem implies that the set of regular
values of such anf ′ are dense, and ify′ is a
regular value off ′, theny is a regular value of
x 7→ f ′(x) + y − y′.

• If f ′ is sufficiently close tof , then
f ′−1(y) ∩ ∂C = ∅.
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Continuity implies that the degree of anyf overy
must be the smooth degree of the nearby functions
that are smoothly degree admissible overy.

• In view of the uniqueness of the smooth degree,
this establishes the uniqueness claim.

• This definition of the degree off overy is
unambiguous: iff ′ andf ′′ are smoothly degree
admissible overy, then

(x, t) 7→ (1− t)f ′(x) + tf ′′(x)

is aC∞ homotopy, which is smoothly degree
admissible overy if f ′ andf ′′ are sufficiently
close tof .



It remains to show that the degree, so defined, satisfies
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It remains to show that the degree, so defined, satisfies
all conditions.

• Normalization is satisfied automatically.
• The construction implies that Continuity holds.
• Additivity and Multiplication follow easily from

the fact that these conditions are satisfied by the
smooth degree.
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The Fixed Point Index
ForC ⊂ X, a continuous functionf : C → X is
index admissibleif:

• C is a compact subset ofX;
• F(f) ∩ ∂C = ∅.

If f is index admissible, then thefixed point indexof
f is

ΛX(f) = deg0(IdC − f).
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Properties of the Index
The fixed point index for continuous functions inherits
all the properties of the index for smooth functions.

• (Normalization) IfC ⊂ X is compact,
x ∈ C \ ∂C, andc : C → X is the constant
function with valuex, then

ΛX(c) = 1.

• (Additivity) If f : C → Y is index admissible,
C1, . . . , Cr are pairwise disjoint compact subsets
of C, F(f) ⊂

⋃

iCi, andF(f) ∩ ∂Ci = ∅ for all
i, then

ΛX(f) =
∑

i

ΛX(f |Ci
).



• (Continuity) If f is index admissible, then there is
a neighborhoodU ⊂ C(C,X) of f such that for
eachf ′ ∈ U , f ′ is index admissible and

ΛX(f
′) = ΛX(f).



• (Continuity) If f is index admissible, then there is
a neighborhoodU ⊂ C(C,X) of f such that for
eachf ′ ∈ U , f ′ is index admissible and

ΛX(f
′) = ΛX(f).

• (Commutativity) IfX andY are finite
dimensional vector spaces,C ⊂ X andD ⊂ Y
are compact,f : C → D andg : D → C areC∞,
andg ◦ f andf ◦ g are index admissible, then

ΛX(g ◦ f) = ΛY (f ◦ g).
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dimensional vector spaces,C ⊂ X andC ′ ⊂ X ′

are compact, andf : C → Y andf ′ : C ′ → Y ′
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• (Multiplication) If X andX ′ are finite
dimensional vector spaces,C ⊂ X andC ′ ⊂ X ′

are compact, andf : C → Y andf ′ : C ′ → Y ′

are index admissable, then

f×f ′ : C×C ′ → X×X ′, (x, x′) 7→ (f(x), f ′(x′)),

is index admissible, and

ΛX(f × f ′) = ΛX(f) · ΛX ′(f ′).

Theorem:The index is the unique integer valued
function on the set of index admissible functions that
satisfies Normalization, Additivity, and Continuity. It
also satisfies Commutativity and Multiplication.
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Vector Field Index
A vector fieldz : C → X is vector field admissibleif:

• C is a compact subset ofX;
• E(z) ∩ ∂C = ∅.

If z is vector field admissible, then thevector field
indexvfind(z) of z is deg0(z).

• As before, the main properties of the vector field
index are inherited from the properties of the
degree.
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In the Kakutani fixed point theorem, the conclusion is
topological, but the hypotheses are geometric. Can the
hypotheses be weakened?

• A topological spaceX is contractibleif there is a
continuous functionc : X × [0, 1] → X such that
c0 = IdX andc1 is a constant function.

• A star shaped set is contractible, so convex sets
are contractible.

Does a continuous function from a compact
contractible set to itself necessarily have a fixed point?

• Kinoshita’s example shows that the answer is no!



Kinoshita’s Example
We first introduce some ingredients:



Kinoshita’s Example
We first introduce some ingredients:

• Let κ : [0, 1] → [0, 1] be continuous with:



Kinoshita’s Example
We first introduce some ingredients:

• Let κ : [0, 1] → [0, 1] be continuous with:

• κ(0) = 0;
• z < κ(z) < 1 for all 0 < z < 1;
• κ(1) = 1.



Kinoshita’s Example
We first introduce some ingredients:

• Let κ : [0, 1] → [0, 1] be continuous with:

• κ(0) = 0;
• z < κ(z) < 1 for all 0 < z < 1;
• κ(1) = 1.

• Let ρ : R+ → [0, 1) be a homeomorphism.



Kinoshita’s Example
We first introduce some ingredients:

• Let κ : [0, 1] → [0, 1] be continuous with:

• κ(0) = 0;
• z < κ(z) < 1 for all 0 < z < 1;
• κ(1) = 1.

• Let ρ : R+ → [0, 1) be a homeomorphism.

• Of courseρ(0) = 0, ρ is strictly increasing,
andρ(t) → 1 ast→ ∞.



Kinoshita’s Example
We first introduce some ingredients:

• Let κ : [0, 1] → [0, 1] be continuous with:

• κ(0) = 0;
• z < κ(z) < 1 for all 0 < z < 1;
• κ(1) = 1.

• Let ρ : R+ → [0, 1) be a homeomorphism.

• Of courseρ(0) = 0, ρ is strictly increasing,
andρ(t) → 1 ast→ ∞.

• Fix a numberε ∈ (0, 2π).
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We work with polar coordinates, identifying
(r, θ) ∈ R+ × R with (r cos θ, r sin θ).

• The unit circle isC := { (r, θ) : r = 1 }.
• The open unit disk isD := { (r, θ) : r < 1 }.

• (C × [0, 1]) ∪ (D × {0}) = “tin can.”

• For τ ≥ 0 let s(τ) := (ρ(τ), τ).

• The imageS = { s(τ) : τ ≥ 0 } of s is a
curve that spirals out, asymptotically
approachingC.

• S × [0, 1] = “roll of toilet paper.”
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The space of the example is

X = (C × [0, 1]) ∪ (D × {0}) ∪ (S × (0, 1]).

• EvidentlyX is closed, hence compact.
• X is contractible. To contract it:

• pushX down onto(C ∪D)× {0};
• then contract(C ∪D)× {0} to the origin.

Let f1 : C × [0, 1] → X be the function

f1(1, θ, z) := (1, θ − (1− 2z)ε, κ(z)).

• f1(1, θ, z) 6= (1, θ, z) (κ(z) = z implies that
z = 0, 1, andε is not a multiple of2π).
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• Observe thatD = { (ρ(t), θ) : t ≥ 0, θ ∈ R }.

Let f2 : D × {0} → X be the function

f2(ρ(t), θ, 0) :=

{

(0, 0, 1− t/ε), 0 ≤ t ≤ ε,

(ρ(t− ε), θ − ε, 0), ε ≤ t.

• f2 maps{ (ρ(t), θ) : 0 ≤ t ≤ ε, θ ∈ R } onto
{ (0, 0, t) : 0 ≤ t ≤ 1 }.

• It stretches{ (ρ(t), θ) : ε ≤ t, θ ∈ R } onto all of
D while rotating it byε.

• f2 does not have any fixed points (the first
components (that is, the radius) off2(ρ(t), θ, 0) is
strictly less thanρ(t) except whent = 0).
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Definef3 : S × [0, 1] → X by setting

f3(s(τ), z) := (s((τ + ε)z), 1− (1− κ(z))τ/ε)

if 0 ≤ τ ≤ ε and setting

f3(s(τ) = (s(τ − (1− 2z)ε), κ(z))

if ε ≤ τ .

• Observe thatf3(s(ε), z) = (s(2εz), κ(z))
according to either formula.
• Thereforef3 is well defined and continuous.
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We claim thatf3 has no fixed points. First suppose
thatτ ≤ ε, so that

f3(s(τ), z) := (s((τ + ε)z), 1− (1− κ(z))τ/ε).

• The casez = 0: f3(s(τ), 0) = (s(0), 1− τ/ε).
• The casez = 1: f3(s(τ), 1) = (s(τ + ε), 1).
• The caseτ = 0: f3(s(0), z) = (s(εz), 1).
• The caseτ = ε: f3(s(ε), z) = (s(2εz), κ(z)).
• The equationz = 1− (1− κ(z))τ/ε is equivalent

to (1− κ(z))τ = (1− z)ε, which is impossible
when0 < z < 1 becauseκ(z) > z.
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• The casez = 0: f3(s(τ), 0) = (s(τ − ε), 0).
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Now suppose thatτ ≥ ε, so that

f3(s(τ) = (s(τ − (1− 2z)ε), κ(z))

• The casez = 0: f3(s(τ), 0) = (s(τ − ε), 0).
• The casez = 1: f3(s(τ), 1) = (s(τ + ε), 1).
• There cannot be any fixed point with0 < z < 1

because in this casez < κ(z).
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• f2 andf3 combine to form a continuous function
on the union of their domains because

f2 or 3(s(τ), 0) =

{

(s(0), 1− τ/ε), 0 ≤ τ ≤ ε,

(s(τ − ε)0), ε ≤ τ.

• Exercise:Prove that if{(rn, θn, 0)} is a sequence
in D × {0} converging to(1, θ, 0) ∈ C × {0},
thenf2(rn, θn, 0) → f1(1, θ, 0).

• Exercise:Prove that if{(s(τn), zn)} is a sequence
in S × [0, 1] converging to(1, θ, z) ∈ C × {0},
thenf3(s(τn), zn) → f1(1, θ, z).
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Retracts
We need some additional restriction beyond
contractibility to get fixed point theory to work. The
dominant response in the literature is to require that
the space also be an absolute neighborhood retract
(ANR). We develop the parts of the theory that clarify
what sorts of spaces these are, and how fixed point
theory is extended to them.

• LetX be a metric space, and letA be a subset.
• A retractionof X ontoA is a continuous

functionr : X → A with r(a) = a for all
a ∈ A.

• We say thatA is aretract of X if such a
retraction exists.
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• We say thatA is aneighborhood retractin X if
A is a retract of an openU ⊂ X.

A metric spaceA is anabsolute neighborhood retract
(ANR) if h(A) is a neighborhood retract wheneverX
is a metric space,h : A→ X is an embedding, and
h(A) is closed inX.

Our main goals are:

• To give sufficient conditions for a space to be an
ANR that imply that lots of spaces are ANR’s.

• To explain the main result used to extend the
theory of the fixed point index to ANR’s.
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Paracompactness
Fix a topological spaceX.

• A family {Sα}α∈I of subsets ofX is locally finite
if everyx ∈ X has a neighborhoodW such that
there are only finitely manyα with W ∩ Sα 6= ∅.

• A cover{Vβ}β∈B of X is arefinementof a cover
{Uα}α∈I if eachVβ is a subset of someUα.

The spaceX is paracompactif every open cover is
refined by an open cover that is locally finite.

Theorem:I f X is a metric space, then it is
paracompact.

A brief proof is given by Rudin, ME (1969) Proc.
Am. Math. Soc. 20:603.
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Partitions of Unity
A partition of unityfor X subordinate to an open
cover{Uα}α∈I is a collection of continuous functions
{ψα : X → [0, 1]}α∈I such that:

• ψα(x) = 0 for all α andx /∈ Uα;
•
∑

α∈I ψα(x) = 1 for eachx.

Recall thatX is normal if any two disjoint closed sets
are contained in disjoint open sets.

Theorem:I f X is normal and{Uα}α∈I is a locally
finite open cover, then there is a partition of unity
subordinate to{Uα}.
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Proposition:I f X is normal and{Uα}α∈I is a locally
finite open cover, then there is an open cover{Vα}α∈I
such that for eachα, the closure ofVα is contained in
Uα.

• If X is a metric space we can letVα be the set of
x ∈ Uα such thatd(x,X \ Uβ) <

1
2d(x,X \ Uα)

for all β 6= α such thatx ∈ Uβ.

Urysohn’s Lemma:I f X is normal andC ⊂ U ⊂ X
with C closed andU open, then there is a continuous
ϕ : X → [0, 1] with ϕ(x) = 0 for all x ∈ X \ U and
ϕ(x) = 1 for all x ∈ C.

• For a metricX setϕ(x) = d(x,X\U)
d(x,C)+d(x,X\U).



Proof of the Theorem:



Proof of the Theorem:

• Let {Vα}α∈I be an open cover ofX with
V α ⊂ Uα for all α.



Proof of the Theorem:

• Let {Vα}α∈I be an open cover ofX with
V α ⊂ Uα for all α.

• For eachα let ϕα : X → [0, 1] be continuous
with ϕα(x) = 0 for all x ∈ X \ Uα and
ϕα(x) = 1 for all x ∈ V α.



Proof of the Theorem:

• Let {Vα}α∈I be an open cover ofX with
V α ⊂ Uα for all α.

• For eachα let ϕα : X → [0, 1] be continuous
with ϕα(x) = 0 for all x ∈ X \ Uα and
ϕα(x) = 1 for all x ∈ V α.

• For eachα let ψα : X → [0, 1] be the function

ψα(x) =
ϕα(x)

∑

β∈I ϕβ(x)
.



Dugundji’s Theorem
The following generalizes Tietze’ extension theorem
for metric spaces.

Theorem:I f A is a closed subset of a metric space
(X, d), Y is a locally convex topological vector space,
andf : A→ Y is continuous, then there is a
continuous extensionf : X → Y whose image is
contained in the convex hull off(A).



Dugundji’s Theorem
The following generalizes Tietze’ extension theorem
for metric spaces.

Theorem:I f A is a closed subset of a metric space
(X, d), Y is a locally convex topological vector space,
andf : A→ Y is continuous, then there is a
continuous extensionf : X → Y whose image is
contained in the convex hull off(A).

To prove this:

• SinceX \ A is metric, hence paracompact, the
open cover{Bd(x,A)/2(x)}x∈X\I has a locally
finite refinement{Uα}α∈I .
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• Let {ϕα}α∈I be a partition of unity subordinate to
{Uα}α∈I .

• For eachα chooseaα ∈ A with

d(aα, Uα) < 2d(A,Uα).

• Define the extension by setting

f(x) :=
∑

α∈I

ϕα(x)f(aα)

for x ∈ X \ A.

Exercise:Prove thatf is continuous.
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A Sufficient Condition
It is easy to be an ANR:

Theorem:A metric spaceA is an ANR if it (or its
homeomorphic image) is a retract of an open subset of
a convex subset of a locally convex linear space.

• To prove this letr : U → A be a retraction, where
U is an open subset of a convex setC.

• Supposeh : A→ X mapsA homeomorphically
onto a closed subseth(A) of a metric spaceX.

• Dugundji’s theorem implies thath−1 : h(A) → U
has a continuous extensionj : X → C.

• ThenV := j−1(U) is a neighborhood ofh(A),
andh ◦ r ◦ j|V : V → h(A) is a retraction.
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Examples
• Exercise:Prove that any finite simplicial complex
T is a neighborhood retract of an open subset of a
Euclidean space. (Hint:T is a subcomplex of the
set∆ of probability measures on its set of
vertices.)

• If C is a compact metric space, the set of
bounded regular measures onC is a vector space.
Theweak topologyis the coarsest topology such
that for eachf ∈ C(C) the functionµ 7→

∫

f dµ
is continuous. This topology is locally convex, so
the set of probability measures onC is an ANR
because it is convex.

• The tubular neighborhood theorem implies that a
C2 submanifold of a Euclidean space is an ANR.



A Necessary Condition

Proposition:(Kuratowski, Wojdyslawski)A metric
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A Necessary Condition

Proposition:(Kuratowski, Wojdyslawski)A metric
spaceX has an embeddingι : X → C(X) such that
ι(X) is a relatively closed subset of a convex set, and
is a closed subset ofC(X) if X is complete.

• Exercise:For eachx ∈ X let fx ∈ C(X) be the
functionfx(y) := min{1, d(x, y)}. Prove that
ι : x 7→ fx is satisfactory.
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Theorem:I f A is an ANR, then there is a convex
subsetC of Banach space such that (a homeomorphic
image of)A is both a closed subset ofC and a retract
of a neighborhoodU ⊂ C.

• Proof. Let h : A→ Z (whereZ is a Banach
space) such thath mapsA homeomorphically
ontoh(A) andh(A) is closed in the relative
topology of its convex hullC. SinceA is an
ANR, there is a relatively openU ⊂ C and a
retractionr : U → h(A).
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Absolute Retracts
A metric spaceA is anabsolute retract(AR) if h(A)
is a retract ofX wheneverX is a metric space,
h : A→ X is an embedding, andh(A) is closed.

• The most important facts concerning AR’s are:

Theorem:For a metric spaceA the following are
equivalent:

• A is an AR.
• There is a convex subsetC of a Banach space

such that (a homeomorphic image of)A is both a
closed subset ofC and a retract ofC.

• A is a contractible ANR.
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• If Y is a topological space andε > 0, a homotopy
η : Y × [0, 1] → X is anε-homotopyif
d(η(y, t), η(y, t′)) < ε for all y,∈ Y and
t, t′ ∈ [0, 1]. We say thatη0 andη1 are
ε-homotopic.

• A topological spaceD ε-dominatesC ⊂ X if
there are continuous functionsϕ : C → D and
ψ : D → X such thatψ ◦ ϕ : C → X is
ε-homotopic toIdC .
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Theorem:If X is a separable ANR andC ⊂ X is
compact, then for anyε > 0 there is a finite simplicial
T complex such that|T | ε-dominatesC.

• One can easily show that if this is true for the
metricd, then it is true for any equivalent metric.
Therefore we may assume that:
• X is a closed subset of convex subsetC of a

Banach space.
• There is a retractionr : U → X where
U ⊂ C is relatively open.
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• For eachx ∈ X chooseρx > 0 such that

B2ρx(x) ⊂ U and r(B2ρx(x)) ⊂ Bε/2(x).

• Choosex1, . . . , xn such that

U := {Bρx1
(x1), . . . ,Bρxn(xn)}

is a cover ofC.
• Notation: for eachV = Bρxi

(xi) ∈ U let
xV = xi, and leteV be the corresponding
standard unit basis vector ofRU .



• Thenerveof U is the simplicial complex

NU = (U ,ΣU)

where the elements ofΣU are∅ and the simplices
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for those finiteσ ⊂ U such that
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• Thenerveof U is the simplicial complex

NU = (U ,ΣU)

where the elements ofΣU are∅ and the simplices

con({ eV : V ∈ σ })

for those finiteσ ⊂ U such that
⋂

V ∈σ V 6= ∅.

• Let {αV : X → [0, 1]}V ∈U be a partition of
unity ofC subordinate toU .
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ϕ(x) =
∑

V ∈U

αV (x)eV .

• Let ψ : |NU | → X be the function

ψ
(

∑

V ∈U

βV eV

)

= r
(

∑

V ∈U

βV xV

)
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• Let ϕ : C → |NU | be the function

ϕ(x) =
∑

V ∈U

αV (x)eV .

• Let ψ : |NU | → X be the function

ψ
(

∑

V ∈U

βV eV

)

= r
(

∑

V ∈U

βV xV

)

.

• The homotopyη : C × [0, 1] → X is

η(x, t) = r
(

(1− t)
∑

V

αV (x)xV + tx
)

.
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Germs
LetX andY be topological spaces, and letA ⊂ X be
compact, and letU,U ′ ⊂ X be neighborhoods ofA.

• Continuous functionsf : U → Y , f ′ : U ′ → Y
have the same germ atA if f |V = f ′|V for some
neighborhoodV ⊂ U ∩ U ′ of A.
• This is easily seen to be an equivalence

relation.
• Its equivalence classes are calledgermsof

continuous functions fromX to Y atA.
• Let gA(X,Y ) be the set of such germs.
• Forf as above letγA(f) be its equivalence

class.
• We say thatf is arepresentativeof γA(f).
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Why Germs?
Let V andW be finite dimensional vector spaces.

• Additivity implies thatΛV (f) = ΛV (f |C ′) when
f : C → V is index admissible and a compact
C ′ ⊂ C containsF(f) in its interior.

• This means thatΛV (f) is really an attribute of
the germ off atF(f).

• Recall Commutativity:ΛV (g ◦ f) = ΛW (f ◦ g)
whenC ⊂ V andD ⊂ W are compact,
f : C → D andg : D → C are continuous, and
g ◦ f andf ◦ g are index admissible.
• Actually, we only needf andg to be defined

on neighborhoods ofF(g ◦ f) andF(f ◦ g).
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Operations on Germs
Germs can be recombined in several ways.

• If γ ∈ gA(X,Y ) andZ ⊂ A is compact, then the
restrictionγ|Z of γ toZ is defined by requiring
that a representative ofγ is also a representative
of γ|Z .

• If γ ∈ gA(X,Y ), η ∈ gB(Y, Z), andγ(A) ⊂ B,
then thecompositionη ◦ γ is the germ atA of a
composition of representatives ofγ andη.

• Forγ ∈ gA(X,Y ) andγ′ ∈ gA′(X ′, Y ′) we define
γ × γ′ ∈ gA×A′′(X ×X ′, Y × Y ′) to be the germ
of f × f ′, (x, x′) 7→ (f(x), f ′(x′)) wheref andf ′

are representatives ofγ andγ′.
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The Index for ANR’s
Let ANR be the class of locally compact ANR’s, and
fix X ∈ ANR.

• A continuous functionf : C → X, where
C ⊂ X is compact, isindex admissibleif
F(f) ∩ ∂C = ∅.
• Let IX be the set of suchf .

• A germγ ∈ gA(X,X) is index admissibleif it
has a representativef : C → X whereC ⊂ X is
compact,A ∩ ∂C = ∅, andF(f) ⊂ A.
• Let GX be the set of such germs.

• Let πX : IX → GX be the functionf 7→ γF(f)(f).
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cx : X → X is the constant function with value
x, then

ΛX(γ{x}(cx)) = 1.

• (Additivity) If X ∈ ANR, γ ∈ GX has domain
A, andA1, . . . , Ar are pairwise disjoint compact
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′) and
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andγ′ ◦ γ andγ ◦ γ′ are index admissible, then

ΛX(γ
′ ◦ γ) = ΛX ′(γ ◦ γ′) .

In addition these functions satisfy:
• (Multiplication) If X,X ′ ∈ ANR, γ ∈ GX , and
γ′ ∈ GX ′, then

ΛX×X ′(γ × γ′) = ΛX(γ) · ΛX ′(γ′).
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Fix X ∈ ANR, a compactA ⊂ X, and
γ ∈ gA(X,X) ∩ GX .

• Fix a compactC ⊂ X that containsA in its
interior andf : C → X such thatγA(f) = γ and
F(f) ⊂ A.

• For “sufficiently small”ε > 0 let T be a finite
simplicial complex thatε-dominatesC by virtue
of the mapsϕ : C → |T | andψ : |T | → X and
theε-homotopyη : C × [0, 1] → X with
η0 = IdC andη1 = ψ ◦ ϕ.

• Embed|T | in someRm. Since|T | is an ANR
there is a retractionr : U → |T | whereU is a
neighborhood of|T | whose closure is compact.
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• LetB ⊂ C be a neighborhood ofF(f) such that
η(x, t) ∈ C for all (x, t) ∈ B × [0, 1].

• We wish to defineΛX by setting

ΛX(γ) = ΛRm(ϕ ◦ f ◦ ψ ◦ r|r−1(ψ−1(B))).

• (Here we writeΛX(f) in place of
ΛX(πX(f)).)

• We are motivated by the calculation

ΛRm(ϕ◦f ◦ψ◦r|r−1(ψ−1(B))) = ΛX(ψ◦r◦ϕ◦f |B)

= ΛX(ψ ◦ ϕ ◦ f |B) = ΛX(η1 ◦ f |B)

= ΛX(η0 ◦ f |B) = ΛX(f |B).
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• The calculation above shows that if a system
{ΛX}X∈ANR satisfying our conditions exists, the
formula we wish to take as a definition must hold.
• This establishes the Theorem’s uniqueness

assertion.
• It remains to:

• Show that the definition is workable, in the
sense of begin well posed and independent of
choices.

• Show that whenΛX is defined in this way, all
conditions are in fact satisfied.
• We omit these numerous and lengthy

verifications.
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Approximation by Functions
Our topic in this section is the following result.

Theorem:Suppose thatX andY are ANR’s,X is
separable, andC andD are compact subsets ofX
with C ⊂ intD. LetF : D → Y be an upper
hemicontinuous contractible valued correspondence.
Then for any neighborhoodW of Gr(F |C) there are:

(a) a continuousf : C → Y with Gr(f) ⊂ W ;

(b) a neighborhoodW ′ of Gr(F ) such that, for any
two continuous functionsf0, f1 : D → Y with
Gr(f0),Gr(f1) ⊂ W ′, there is a homotopy
h : C × [0, 1] → Y with h0 = f0|C , h1 = f1|C ,
andGr(ht) ⊂W for all 0 ≤ t ≤ 1.
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Agenda
We have the following concerns:

• We will use the result above to extend the theory
of the fixed point index to contractible valued
correspondences.

• We will say a few things about the proof.
• Probably time will not permit a lengthy

discussion.

Notation: If C andY are metric spaces withC
compoact, thenU(C, Y ) is the space of upper
hemicontinuous correspondencesF : C → Y , with
the topology generated by the base of open sets
UW := {F : Gr(F ) ⊂ W } whereW ⊂ C × Y is
open.
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Germs of Correspondences
LetX andY be topological spaces, and letA ⊂ X be
compact, and letU,U ′ ⊂ X be neighborhoods ofA.

• Upper hemicontinuous correspondences
F : U → Y , F ′ : U ′ → Y have the same germ at
A if F |V = F ′|V for some neighborhood
V ⊂ U ∩ U ′ of A.
• The equivalence classes of this equivalence

relation aregermsof upper hemicontinuous
correspondences fromX to Y atA.

• LetGA(X,Y ) be the set of such germs.
• ForF as above letΓA(F ) be its equivalence

class.
• We say thatF is arepresentativeof ΓA(F ).
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Operations on Germs
As before, germs of correspondences can be
recombined.

• If Γ ∈ GA(X,Y ) andZ ⊂ A is compact, then the
restrictionΓ|Z of Γ toZ is defined by requiring
that a representative ofΓ is also a representative
of Γ|Z.

• ForΓ ∈ GA(X,Y ) andΓ′ ∈ GA′(X ′, Y ′) we
defineΓ× Γ′ ∈ GA×A′′(X ×X ′, Y × Y ′) to be
the germ ofF × F ′, (x, x′) 7→ F (x)× F ′(x′)
whereF andF ′ are representatives ofΓ andΓ′.
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• An upper hemicontinuous contractible valued
correspondenceF : C → X, whereC ⊂ X is
compact, isindex admissibleif F(F ) ∩ ∂C = ∅.
• LetJX be the set of suchF .

• A germΓ ∈ GA(X,X) is index admissibleif it
has a representativeF ∈ U(C,X) ∩ JX , where
C ⊂ X is compact, withF(F ) ⊂ A.
• Let CX be the set of such germs.

• ForF ∈ IX let πX(F ) := ΓF(F )(F ).



Theorem:There is a unique system of functions
ΛX : CX → Z for X ∈ ANR satisfying:



Theorem:There is a unique system of functions
ΛX : CX → Z for X ∈ ANR satisfying:

• (Normalization) For allX ∈ ANR andx ∈ X, if
cx : X → X is the constant function with value
x, then

ΛX(γ{x}(cx)) = 1.



Theorem:There is a unique system of functions
ΛX : CX → Z for X ∈ ANR satisfying:

• (Normalization) For allX ∈ ANR andx ∈ X, if
cx : X → X is the constant function with value
x, then

ΛX(γ{x}(cx)) = 1.

• (Additivity) If X ∈ ANR, Γ ∈ CX has domain
A, andA1, . . . , Ar are pairwise disjoint compact
subsets ofA with F(Γ) ⊂ A1 ∪ . . . ∪ Ar, then

ΛX(Γ) =
∑

i

ΛX(Γ|Ai
) .
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C ⊂ X, ΛX ◦ πX |U(C,X)∩JX

is continuous.

• (Commutativity) IfX,X ′ ∈ ANR, A ⊂ X and
A′ ⊂ X ′ are compact,γ ∈ gA(X,X

′) and
γ′ ∈ gA′(X ′, X) with γ(A) ⊂ A′ andγ′(A′) ⊂ A,
andγ′ ◦ γ andγ ◦ γ′ are index admissible, then

ΛX(γ
′ ◦ γ) = ΛX ′(γ ◦ γ′) .

In addition these functions satisfy:
• (Multiplication) If X,X ′ ∈ ANR, Γ ∈ CX , and
Γ′ ∈ CX ′, then

ΛX×X ′(Γ× Γ′) = ΛX(Γ) · ΛX ′(Γ′).
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The Idea of the Proof
• Fix anX ∈ ANR and a germΓ ∈ CX .

• LetG be a representative ofΓ with
F(G) = F(Γ), and letC be the domain ofG.

• LetW be a neighborhood ofGr(G) that does not
intersect{ (x, x) : x ∈ ∂C }.

• The Theorem gives a neighborhoodV ⊂ W of
Gr(G) such that for any mapsf0, f1 : C → X
with Gr(f0),Gr(f1) ⊂ V there is a homotopy
h : C → [0, 1] → X with h0 = f0, h1 = f1, and
Gr(ht) ⊂W for all t.

• The Theorem also gives a continuousf : C → X
with Gr(f ′) ⊂ V , and we setΛX(Γ) := ΛX(f).
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Sequential Equilibrium
This topic considers sequential equilibria of finite
extensive games.

• After looking at an example, we lay out the
machinery of extensive form game theory.

• Sequential equilibria is defined.
• A well behaved (uhccv) correspondence is

introduced that (roughly speaking) has the set of
sequential equilibria as its fixed points.
• By perturbing this correspondence, or

defining subcorrespondences, we may define
refinements of the sequential equilibrium
concept.



Signalling Games
The Beer-Quiche game from Cho and Kreps (1987):
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The Tree
The set of possible states of the game, which are
callednodes, is a finite setT .

• Let≺ (“precedes”) be a strict partial ordering
(transitive irreflexive binary relation) ofT .

• For t ∈ T let P (t) := {x ∈ T : x ≺ t} be the set
of predecessorsof t.

• We assume that(T,≺) is anarborescence: for
eacht, P (t) is completely ordered by≺.

Notation: Let:

W = {w ∈ T : P (w) = ∅ }, X = T\Z, Y = T\W,

and Z = { z ∈ T : P−1(z) = ∅ }.
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Information Sets and Actions
There is a partitionH of X whose cells are called
information sets.

• For eachh ∈ H there is a nonempty setAh of
actionsthat may be chosen ath.

• There is a functionc :
⋃

h∈H h× Ah → Y ;
c(x, a) is theimmediate consequenceof
choosinga ∈ Ah atx ∈ H.

• Fory ∈ Y let p(y) = maxP (y).
• We require that for eachh andx ∈ H,
c(x, ·) : Ah → Y mapsAh bijectively onto
p−1(x).
• Defineα : Y →

⋃

hAh implicitly by
requiring thatc(p(y), α(y)) = y.
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Agents and Perfect Recall
There is a finite setI = {1, . . . , n} of agentsand a
surjectionι : H → I the specifies which agent
chooses the action at each information set.

• We assume thatperfect recallholds: for all
h ∈ H, x, x′ ∈ h, andy ∈ (P (x) ∪ {x}) ∩ Y
such thatι(η(p(y))) = ι(h), there is a
y′ ∈ (P (x′) ∪ {x′}) ∩ Y such thatα(y′) = α(y).

• In words, anything that happened toι(h) on
the way tox must also have happened on the
way tox′.
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Continuous Data
The description of the game is completed by
specifying:

• The initial assessmentis ρ ∈ ∆◦(W ).
• The theory works equally well if we allow the

different agents to have different prior beliefs
in ∆◦(W ); the assumption that all priors are
the same is called theHarsanyi doctrine.

• There is apayoff function

u = (u1, . . . , un) : Z → R
I .



Strategies and Beliefs
LetA =

∏

hAh be the set ofpure behavior strategy
profiles.



Strategies and Beliefs
LetA =

∏

hAh be the set ofpure behavior strategy
profiles.

• Forx ∈ X andy ∈ Y with x ≺ y letC(y|x) ⊂ A
be the set of pure strategy profiles that lead from
x to y: a ∈ C(y|x) if and only for each
x ∈ {x′ ∈ P (y) : y � x′ } the action specified by
a at the information set containingx′ is the one
that leads towardy.



Strategies and Beliefs
LetA =

∏

hAh be the set ofpure behavior strategy
profiles.

• Forx ∈ X andy ∈ Y with x ≺ y letC(y|x) ⊂ A
be the set of pure strategy profiles that lead from
x to y: a ∈ C(y|x) if and only for each
x ∈ {x′ ∈ P (y) : y � x′ } the action specified by
a at the information set containingx′ is the one
that leads towardy.

• For t ∈ T letC(t) ⊂W ×A be the set of initial
node-pure strategy pairs that inducet:
C(t) = {w} × C(t|w) wherew is the initial
predecessor oft.
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• LetΠ◦ =
∏

h∈H ∆◦(Ah) be the set ofinterior or
totally mixedbehavior strategy profiles.

• Forπ ∈ Π:
• If x ≺ y, the probability of going fromx to y

is
P
π(y|x) = (

∏

h

πh)(C(y|x)).

• The probability thatt ∈ T occurs is

P
π(t) = (ρ×

∏

h

πh)(C(t)).
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h∆(h).

• The space ofassessmentsisΠ×M .
• Forπ ∈ Π◦ defineµπ ∈M by setting

µπh(x) = P
π(x)/

∑

x′∈H

P
π(x′).

• LetΨ◦ = { (π, µπ) : π ∈ Π◦ }, and letΨ be the
closure ofΨ◦ in Π×M .
• An element ofΨ is aconsistent assessment.
• A consistent assessment isinterior if it is

contained inΨ◦.
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Sequential Rationality
• Given an assessment(π, µ), agenti’s expected

payoff conditional on information seth is

E
π,µ(ui|h) =

∑

x∈h

µh(x)
∑

z∈Z

P
π(z|x)ui(z) .

• Forπ ∈ Π, h ∈ H, anda ∈ Ah, letπ|a denote the
behavior strategy profile that agrees withπ at all
information sets other thanh and assigns playing
a with probability one toh.

• Let

bh(π, µ) := argmaxa∈Ah
E
π|a,µ(uι(h)|h).
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• An assessment(π, µ) is sequentially rationalif
πh ∈ ∆(bh(π, µ)) for all h ∈ H.

• An assessment(π, µ) is asequential equilibrium
if it is consistent and sequentially rational.
• An inductive calculation shows that a

sequential equilibrium is rational in the
conceptually correct sense: there is no
information set such that the agent who
chooses there can increase her expected
payoff, conditional on that information set, by
changing her behavior at that information set
and/or other information sets she controls.
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• For an assessment(π, µ) let

Φ(π, µ) = { (π′, µ′) ∈ Ψ : π′h ∈ ∆(bh(π, µ)) for all h }

• It is easy to show thatΦ(π, µ) 6= ∅.
• ThereforeΦ : Π×M → Ψ is a

correspondence.
• Since the relevant expected payoffs are

continuous functions,Φ is upper hemicontinuous.
• It is easy to see that the fixed points ofΦ are

precisely the sequential equilibria.
• IsΨ contractible, and isΦ contractible valued?

• These questions are open.
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Conditional Systems
A conditional systemp on a finite setA is an
assignment of a probability measurep(·|E) ∈ ∆(E)
to each nonemptyE ⊂ A such that

p(C|E) = p(C|D) · p(D|E)

wheneverC ⊂ D ⊂ E ⊂ A with D 6= ∅.

• ∆∗(A) is the set of conditional systems onA.
• There is a mapδ : ∆∗(A) → ∆(A), p 7→ p(·|A).

• Exercise:Prove that∆∗(A) is the closure of
δ−1(∆◦(A)).
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LetB be another finite set.

• If s : A→ B is a surjection, the map
σs : ∆

∗(A) → ∆∗(B) is given by

σs(p)(D|E) := p(s−1(D)|s−1(E)) .

• LetC : A→ B be a correspondence that is
injective in the sense that the various setsC(a)
are pairwise disjoint.

• An induced mapθC : ∆∗(B) → ∆∗(A) is
given by

θC(q)(D|E) := q
(

⋃

a∈D

C(a)
∣

∣

⋃

a∈E

C(a)
)

.



• If ρ ∈ ∆◦(B), andp ∈ ∆∗(A), we define
ρ⊗ p ∈ ∆∗(B × A) by setting

(ρ⊗ p)(D|E) :=

∑

(b,a)∈D ρ(b) · p({a}|E
′)

∑

(b,a)∈E ρ(b) · p({a}|E
′)

whereE ′ = { a : (b, a) ∈ E }.
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Now letA =
∏

h∈H Ah.

• Forh ∈ H let jh : A→ Ah be the natural
projection.

Let Ξ be the closure of{ δ−1(
∏

h πh) : π ∈ Π◦ } in
∆∗(A).

• This is the domain of the well behaved
correspondence.
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For ξ ∈ Ξ we defineγ(ξ) = (π(ξ), µ(ξ)) ∈ Π×M
where, for eachh ∈ H:

• πh(ξ) = δ(σjh(ξ));

• µh(ξ) = δ(θC|h(ρ⊗ ξ)).

• Exercise:If π ∈ Π◦ andξ = δ−1(
∏

h πh), then
γ(ξ) = (π, µπ).

• Sinceγ is continuous, it follows thatγ(Ξ) = Ψ.
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The Correspondence
We defineΓ : Ξ → Ξ by setting

Γ(ξ) =
⋂

h∈H

π−1
h (∆(bh(γ(ξ)))).

• Evidentlyξ is a fixed point ofΓ if and only if
γ(ξ) is a sequential equilibrium.

• Suppose thatξn → ξ. Sinceγ and the conditional
expected payoffs are continuous functions,
bh(γ(ξn)) ⊂ bh(γ(ξ)) for sufficiently largen, so
Γ is upper hemicontinuous.

• Theorem:Γ is contractible valued.
• SinceΞ is a possible value ofΓ, it follows that
Ξ is contractible.
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The Key Idea
If p ∈ ∆∗(A) anda, b ∈ A, let

λp(a, b) = ln p(a|{a, b})− ln p(b|{a, b}) ∈ [−∞,∞].

• These numbers satisfy the relations

λp(b, a) = −λp(a, b) and λp(a, c) = λp(a, b)+λp(b, c)

for all a, b, c such that the sum is defined.
• Conversely, for a system of (extended) numbers
λ(a, b) satisfying these conditions define
pλ ∈ ∆∗(A) by setting

pλ(D|E) =

∑

a∈D exp(λ(a, b))
∑

a∈E exp(λ(a, b))

wheneverD ⊂ E ⊂ A with E 6= ∅ andb ∈ E has
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The mapsp 7→ λp andλ 7→ pλ are inverse
homeomorphisms.

• The logarithmic framework has a major
advantage: linear algebra can be applied.

• In particular, the image of
∏

h∆
◦(Ah) is a

linear subspace.
• The general idea is to show that (the

homeomorphic image of) ofΞ is a simplicial
complex, and a Euclidean ball. The
contractibility of best response sets is established
by repeatedly retracting simplices.



Advanced Fixed Point Theory

7. Dynamic Stability and the Fixed Point
Index

– p. 152



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

• The necessary condition for stability of an
isolated equilibrium is well known in the theory
of dynamic systems.



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

• The necessary condition for stability of an
isolated equilibrium is well known in the theory
of dynamic systems.

• Expecially in game theory, we are interested in
infinite sets of equilibria.



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

• The necessary condition for stability of an
isolated equilibrium is well known in the theory
of dynamic systems.

• Expecially in game theory, we are interested in
infinite sets of equilibria.

To this end we will:



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

• The necessary condition for stability of an
isolated equilibrium is well known in the theory
of dynamic systems.

• Expecially in game theory, we are interested in
infinite sets of equilibria.

To this end we will:

• Review basics of ordinary differential equations.



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

• The necessary condition for stability of an
isolated equilibrium is well known in the theory
of dynamic systems.

• Expecially in game theory, we are interested in
infinite sets of equilibria.

To this end we will:

• Review basics of ordinary differential equations.
• Introduce dynamic stability concepts and results.



Dynamics and the Index
We now study the relationship between the index of a
set of equilibria of a vector field and dynamic stability.

• The necessary condition for stability of an
isolated equilibrium is well known in the theory
of dynamic systems.

• Expecially in game theory, we are interested in
infinite sets of equilibria.

To this end we will:

• Review basics of ordinary differential equations.
• Introduce dynamic stability concepts and results.
• Sketch the proof of the general necessary

condition.
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ODE Existence-Uniqueness
LetU ⊂ R

m be open, and letz be a vector field onU .

• A C1 functionγ : I → U (I ⊂ R an interval) is a
trajectoryof z if γ′(s) = zγ(s) for all s.

Let (X, d) and(Y, e) be metric spaces, and let
f : X → Y be a function.

• ForL > 0, f isL-Lipschitzif
e(f(x), f(x′)) ≤ Ld(x, x′) for all x, x′ ∈ X.

• f is Lipschitzif it is L-Lipschitz for someL.
• f is locally Lipschitzif eachx ∈ X has a

neighborhoodU such thatf |U is Lipschitz.



Theorem:(Picard-Lindelöf)I f z is a locally Lipschitz,
then for any compactC ⊂ U there is anε > 0 such
that there is a unique functionF : C × [−ε, ε] → U
such that for eachx ∈ C, F (x, 0) = x andF (x, ·) is a
trajectory ofz. In additionF is continuous, and ifz is
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Theorem:(Picard-Lindelöf)I f z is a locally Lipschitz,
then for any compactC ⊂ U there is anε > 0 such
that there is a unique functionF : C × [−ε, ε] → U
such that for eachx ∈ C, F (x, 0) = x andF (x, ·) is a
trajectory ofz. In additionF is continuous, and ifz is
Cs (1 ≤ s ≤ ∞) then so isF .

Idea: If z isL-Lipschitz and‖z(x)‖ < M for all x,
Bδ(C) ⊂ U , andMε < δ, then the operator

Γ : C(C × [−ε, ε],Bδ(C)) → C(C × [−ε, ε],Bδ(C))

defined byΓ(F )(x, t) = x+
∫ t

0 z(F (x, s)) ds is a
contraction.



The Flow
Theflow domainof z is the set of(p, t) ∈ U × R such
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The Flow
Theflow domainof z is the set of(p, t) ∈ U × R such
that if t ≤ 0 (t ≥ 0) there is a trajectoryγ : [t, 0] → U
(γ : [0, t] → U ) of z with γ(0) = p.

Proposition:The flow domain ofz is an open
W ⊂ U × R that containsU × {0}. There is a
unique functionΦ : W → U (which is continuous and
Cs (1 ≤ s ≤ ∞) if z isCs) such for eachp ∈ U ,
Φ(p, ·) is a trajectory ofz. If (p, s) ∈ W and
(Φ(p, s), t) ∈ W , then(p, s+ t) ∈ W and

Φ(p, s+ t) = Φ(Φ(p, s), t) .

Exercise:Prove this.
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• A ⊂ U is invariant if A× [0,∞) ⊂ W and
Φ(A, t) ⊂ A for all t ≥ 0.

• A is stableif, for any neighborhoodV of A, there
is a neighborhoodZ of A such thatΦ(p, t) ∈ V
for all p ∈ Z andt ≥ 0.

• A is uniformly attractiveif there is a
neighborhoodV of A such thatV × [0,∞) ⊂W
and for any neighborhoodZ of A, there is a
T ≥ 0 such thatΦ(V × [T,∞)) ⊂ Z.

The invariant set isuniformly asymptotically stableif
it is compact, stable, and uniformly attractive.
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• If A is asymptotically stable, then there is a
Lyapunov function. (F. Wesley Wilson)
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Below here things have only been copied and pasted,
and things need to be revised carefully.

• Thevector field indexof a set of equilibria ofζ is
the set’s fixed point index for the function

α : p 7→ p+ ζ(p).

This is probably false! Check carefully.



Claim: If A is an asymptotically stable set forz, and
an ANR, then the index ofA with respect toz is the
Euler characteristicχA = Λ(IdA) of A.

– p. 160



Sketch of the Proof
• It suffices to show thatχA is the fixed point index

of A with respect to the function

βδ : p 7→ p+ δz(p)

for someδ > 0.

– p. 161
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• s 7→ Φ(·, s)|N gives an IAH betweenΦ(·, δ)|N
and anyΦ(·, t)|N .

• If t is sufficiently large, then convex combination
gives an IAH betweenΦ(·, t)|N andr ◦ Φ(·, t)|N .

• s 7→ r ◦ Φ(·, s)|N gives an IAH between
r ◦ Φ(·, t)|N andr ◦ Φ(·, 0)|N = r.
• It suffices to show thatχA is the fixed point

index ofA with respect tor.
• If i : A→ N is the inclusion, Commutativity

gives

Λ(r) = Λ(i ◦ r) = Λ(r ◦ i) = Λ(IdA) = χA.
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