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Ai set of pure strategy profiles

ui : A→ R payoff function of player i

u = (u1, . . . , un) vector of payoff functions

The triplet (N,A, u) is a game

The collection of games is denoted by Γ
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σi (ai ) probability that player i chooses pure strategy ai

σi = (σi (ai ))ai∈Ai
mixed strategy of player i

σ = (σ1, . . . , σn) mixed strategy profile

∆(Ai ) set of mixed strategies

∆(A) set of strategy profiles

A strategy profile is completely mixed when σi (ai ) > 0 for all
i ∈ N and all ai ∈ Ai .
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Let σ ∈ ∆(A) be a strategy profile.

A strategy τi ∈ ∆(Ai ) is a best response against σ when

ui (σ | τi ) ≥ ui (σ | ρi )

for all ρi ∈ ∆(Ai ).

Definition (Nash) A strategy profile σ ∈ ∆ is a Nash
equilibrium if for every player i , σi is a best response against σ.
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Definition A solution concept is a correspondence C on Γ that
assigns to each game G = (N,A, u) ∈ Γ a collection C (G ) of
subsets of the set ∆(A) of strategy profiles.

An element of C (G ) is called a solution, or stable set, of G .
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developed on an ad hoc basis:

when a given refinement did not predict well in a given game,
a next refinement was proposed that resulted in better predictions
for the given game (and hopefully also a few other games).

In 1986, Kohlberg and Mertens broke with this tradition.

They first formulated a list of minimum performance requirements
any decent solution concept ought to satisfy.

Only then they started a search for a solution concept that
satisfied all requirements.

The, slightly adjusted and amended, list looks as follows.
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[3]
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[6]

[7]

For every game G , every element of C (G ) is (topologically)
connected.
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converging to σ
such that τi is a best response against every σk .

14 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

15 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

Let S be a solution.

15 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

Let S be a solution.
A strategy τi is admissible against S ,

15 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

Let S be a solution.
A strategy τi is admissible against S ,
if τi is admissible against some σ ∈ S .

15 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

16 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

Let S be a solution of the game G .

16 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

Let S be a solution of the game G .
Suppose that ai is not admissible against S .

16 / 49



Requirements

[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6]

[7]

Let S be a solution of the game G .
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[7]

Ordinality is implied by invariance (INV) and admissible best reply
invariance (ABR-I).
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[1] EX: Existence

[2] CON: Connectedness

[3] ADM: Admissibility

[4] BI: Backwards induction

[5] IIS: Independence of inadmissible strategies

[6] ORD: Ordinality

[7] SW: Small worlds

For any game, any solution for a group of insiders can be extended
to a solution for the entire game.
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So, by IIS and admissibility, (U, L) should be in the solution.
So, by IIS and admissibility, (U,R) should be in the solution.
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[1] strategy S is payoff equivalent to (λ, 0, 1− λ).
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where τ is a strategy profile in ∆(A), and δ = (δ1, . . . , δn) is a
vector of real numbers 0 ≤ δi ≤ 1.

A KM-perturbation induces a perturbed game G (τ, δ) = (N,A, v)
by

vi (σ) = ui ((1− δ1) · σ1 + δ1 · τ1, . . . , (1− δn) · σn + δn · τn).
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Lemma of Zorn.

Let X be any non-empty set. A binary relation on X is a subset of
X × X . A binary relation � is a partial order on X that satisfies

[1] (reflexivity) x � x , and

[2] (transitivity) x � y and y � z imply that x � z .
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Let � be a partial order on X . A subset C of X is called a chain if
for any two elements x and y of C we have at least one of the two
inequalities x � y and y � x .

A chain C of X is said to have an lower bound if there exists an
element b of X such that b � x for all x in C . An element b of X
is called minimal if for any x in X the inequality x � b only holds
if b � x holds as well.

Theorem (ZORN) Suppose that every chain of X has a lower
bound. Then X has a minimal element.
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In fact, for a bimatrix game, each stable set is finite.

Proof. Let X denote the collection of KM sets of a given game,
partially ordered by set inclusion.

We show that a chain (Si )i∈I in X has a lower bound, namely
S =

⋂

i∈I Si .
The result now follows from the Lemma of Zorn.

29 / 49



Admissibility

Theorem Every stable set S consists of perfect equilibria.

30 / 49



Admissibility

Theorem Every stable set S consists of perfect equilibria.

Proof. Take a σ ∈ S .

30 / 49



Admissibility

Theorem Every stable set S consists of perfect equilibria.

Proof. Take a σ ∈ S . Then there is a completely mixed sequence
(εk)k∈N and strategy profiles σk ∈ NE (G (εk)) such that σk → σ

and εk → 0 as k →∞.

30 / 49



Admissibility

Theorem Every stable set S consists of perfect equilibria.

Proof. Take a σ ∈ S . Then there is a completely mixed sequence
(εk)k∈N and strategy profiles σk ∈ NE (G (εk)) such that σk → σ

and εk → 0 as k →∞.

For every k , σk is ηk -perfect, where ηk = ‖εk‖.
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



6, 0 6, 0
8, 0 0, 8
0, 8 8, 0





Note:

[1] the unique KM stable set of this game is
S = {(U, (34 ,

1
4)), (U, (

3
4 ,

1
4))}.

[2] the unique proper equilibrium of this game is (U, (12 ,
1
2)).
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Q stable sets do not satisfy CON and ORD.

Q stable sets for bimatrix games are finite.

We discuss some of the proofs, and some of the counterexamples.
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Theorem Any Q stable set contains a proper equilibrium.

Proof. Write Ai = {1, . . . ,mi}. Take δ > 0. Consider the Q
perturbation η that has all permutations of the strategy

σi =
1

1− δmi+1
· (1, δ, δ2, . . . . . . , δmi )

as its extreme points.

Let τ be a Nash equilibrium of the game G (η). Then τ is δ-proper.
The result now follows from letting δ go to zero, plus a
compactness argument.
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From Example II, we know that, when BI and ORD are satisfied,
any solution S has to contain the line segment

(U, (µ, 1− µ)) for
1

2
≤ µ ≤

3

4
.

However, Q stable sets for bimatrix games are finite.
Hence, Q-stable sets do not satisfy ORD.
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Let G = (N,A, u) be a game. Let H be the collection of all
compact- and convex-valued upper semi continuous (usc)
correspondences from ∆(A) to ∆(A).
Write

fix(ϕ) = {x ∈ ∆(A) | x ∈ ϕ(x)}.

Note that

[1] the best response correspondence BR is an element of H,

[2] fix(BR) = NE (G ).

Let ϕ, ψ ∈ H. Define

d(ϕ, ψ) = sup{dH(ϕ(x), ψ(x)) | x ∈ ∆(A)}.
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if for every open set V ⊇ S there is η > 0 such that

fix(ϕ) ∩ V 6= φ

for every ϕ ∈ H with d(ϕ,BR) < η.

Definition A compact set S ⊆ ∆(A) is BR-stable if

[a] S is a BR-set, and

[b] S is a connected set of perfect equilibria of G .
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A slight adaptation of the definition of BR stable sets also renders
ORD.
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Theorem BR stable sets exist.

Proof. Let G be a game and let S be a minimal BR set.

Such sets exist by an argument similar to the argument for KM
stable sets.
Such sets consist of perfect equilibria by an argument similar to
the argument for KM stable sets.

So, S is a BR stable set.
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We show that S is connected. Suppose S is not connected. We
derive a contradiction.

Since S is not connected, there are non-empty, disjoint, and
compact sets E and F with E ∪ F = S .

Since E is not a BR set, there is an open U ⊇ E such that for
every η > 0 there is ϕ with d(ϕ,BR) < η and

fix(ϕ) ∩ U = φ.

Since F is not a BR set we find a similar open set V ⊇ F . We
assume wlog that U and V are disjoint.
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Clearly, S is a subset of W = U ∪V . So, since S is a BR set, there
is η > 0 such that

fix(ρ) ∩W 6= φ

for every ρ ∈ H with d(ρ,BR) < η.

Take ϕ and ψ with d(ϕ,BR) < η and d(ψ,BR) < η such that

fix(ϕ) ∩ U = φ and fix(ψ) ∩ V = φ.

Urysohn: there is a continuous function f : → [0, 1] with f = 1 on
U and f = 0 on V . Define

ρ(x) = f (x) · ϕ(x) + (1− f (x)) · ψ(x).

Then ρ ∈ H. Further, d(ρ,BR) < η. So,

[1] fix(ρ) ∩W 6= φ. Also,

[2] fix(ρ) ∩W = φ.

This is a contradiction.
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Definition of Mertens

Let G = (N,A, u) be a game.
For 0 ≤ δ ≤ 1,
we write P(δ) for the set of KM perturbations (τ, η),
where τ is a strategy profile in ∆(A),
and η = (η1, . . . , ηn) is a vector of real numbers 0 ≤ ηi ≤ δ.

We write

∂P(δ) = {(τ, η) ∈ P(δ) | for some i , ai , ηi ∈ {0, δ} or τi (ai ) = 0}.
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The projection map is the map π : E → P(1) defined by

π(τ, η, σ) = (τ, η).

For a compact set S ⊆ E , write

S(δ) = {(τ, η, σ) ∈ S | (τ, η) ∈ P(δ)}

and
∂S(δ) = {(τ, η, σ) ∈ S | (τ, η) ∈ ∂P(δ)}
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Definition

We now can formulate the definition of stable sets following
Mertens (89) and (91).

Let S ⊆ E . Say that S is regular when for sufficiently small δ

[1] S(δ) is the closure of S(δ) \ ∂S(δ), and

[2] S(δ) \ ∂S(δ) is connected.

Definition (Mertens) A set T ⊆ ∆(A) is a stable set of the
game (N,A, u) if there is a regular set S with

[1] T = S(0), and

[2] π∗ : H(S(δ), ∂S(δ))→ H(P(δ), ∂P(δ)) for sufficiently small δ.
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The main result

Theorem (Mertens) Stable sets satisfy EX, CON, ADM, BI,
IIS, ORD, and SW.
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Relations

The relations between all these concepts are as follows.

fully stable sets
K & M

K & M

−→ K & M
K & M

←− essential sets

↑ (H90)

Q sets

↑

BR sets

↑

stable sets
(Mertens)
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