
.

Phase transition for the dilute clock model

Pablo Ferrari

Buenos Aires
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A technical lemma

Finite graph (V , E)

S := discrete circumference with q points.

For q = 4 : S =
{

0,
π

2
,

3π

2
, π
}

Spin configuration: σ : V → S .

Define

Smod := {|a| : a ∈ S}
(

=
{

0,
π

2
, π
}
, in our case

)
Edge configuration: ω : E → Smod.
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σ is compatible with ω if the gradient of σ is dominated by ω:

|σx − σy | ≤ ω〈xy〉, 〈xy〉 ∈ E .

Fix an edge configuration ω, two vertices u, v ∈ V an angle a ∈ S
and define

Lω(a) :=
∣∣{σ : σu = 0, σv = a, σ compatible with ω}

∣∣
Combinatorial Lemma

For any edge configuration ω, it holds

Lω(a) ≤ Lω(0)
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v

a

u

0

Combinatorial Lemma

For any edge configuration ω, it holds

Lω(a) ≤ Lω(0)
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Application: symmetric random walks with uniform jumps

Xn symmetric random walk with delay:

jump probabilities: p(x , x + z) = 1
3 , if |z | ≤ 1.

Periodic random walk:

Yn = (Xn)modk .

Then, if Y0 = 0, we have

P(Yn = a) ≤ P(Yn = 0), for any a ∈ Z.

Here the graph is

V = {0, . . . , n}, E = {〈i , i + 1〉 , i = 0, . . . , n − 1},

x = n, y = 0, ω ≡ 1.
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ω gives the restriction of the random walk to jump to nearest
neighbors or to stay.

The uniformity of the jump reduces de computation of the
probabilities to the counting.

Extension to the non-homogeneous following case:

To each bond 〈x , x + 1〉 assign an “environment”
ω〈x ,x+1〉 ∈ {0, 1, . . . } such that the jump at time x is uniform in
{z : |z | ≤ ω〈x ,x+1〉}.
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Proof of combinatorial lemma

We construct injection F : Lω(a) ↪→ Lω(0).

Fix a ∈ S and let

R : S → S be the reflection with respect to line ` at angle a/2:

`

b

Rb

a/2

0

a
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Clearly, R(a) = 0.

Transform σ ∈ Lω(a) into σ′ ∈ Lω(0), iteratively:

1. Reflect the spin at v :

σ′v ← Ra (= 0).

2. New conflicting vertices? |σy − σv | > ω〈yv〉?

3. If yes: Reflect new conflicting vertices y : set

σ′y ← Rσy

Go to (2).

4. If no: σ′z ← σz for remaining spins z . END.

Show that the resulting configuration σ′ belongs to Lω(0), and
that the map is injective.
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Back to the title of the talk

Goal

show phase transition in the dilute ferromagnetic nearest-neighbor
q-state clock model in Zd , for every q ≥ 2 and d ≥ 2.

Method

Edwards-Sokal random-cluster representation of the clock model
stochastically dominates a supercritical Bernoulli bond percolation
probability (as in Potts)

Main tool

combinatorial lemma.
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Dilute clock model

sites Zd

n.n. edges E := {〈xy〉 : ‖x − y‖ = 1}

Disorder:
J = (J〈xy〉 : 〈xy〉 ∈ E(Zd)) (1)

iid Bernoulli(p).

Random graph:
(Zd , J)

Spins in S (1-d circunference)

Spin configuration: σ = (σx , x ∈ Zd), σx = spin at x
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Bond percolation diluted graph
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Bond percolation diluted graph, finite Λ
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Other graphs: point processes
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Hamiltonian:

HΛ,J(σ) :=
∑

〈xy〉∈E(Zd )
{x ,y}∩Λ 6=∅

J〈xy〉
(
1− cos(σx − σy )

)
. (2)

q = 2 is Ising model

q →∞, XY model, continuum of spin angles.

Finite Λ specification:

µωΛ,J(σ) :=
1

Zω
Λ,J

e−βHΛ,J(σ)1[σ
Λc

= ω] , (3)

β > 0 is inverse temperature, Zω
Λ,J normalizing constant.

Gibbs measure µJ associated to J satisfies the DLR condition:

µJ f =

∫
SZd

µJ(dω)µωΛ,J f (4)
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for finite Λ ⊂ Zd and local function f : SZd → R.

GJ : Gibbs measures associates to J.

Since S is finite, GJ is not empty.

In case |GJ | > 1: phase transition.
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Background of the homogeneous clock

The homogeneous version:

p = 1 or, equivalently, J〈xy〉 ≡ 1 for every 〈xy〉.

Low temperature: Pirogov-Sinai theory or reflection positivity
as in Frölich, Israel, Lieb and Simon see also Biskup prove that,
there exist at least q different Gibbs measures.

High temperature: Dobrushin, van den Berg and Maes show
that there exists only one Gibbs measure.

Both Pirogov-Sinai theory and reflection positivity depend on
symmetry, an assumption that breaks down for the properly dilute
model p < 1.
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Background for dilute Potts

Main tool is the Fortuin-Kasteleyn random-cluster
representation, originally introduced for the Ising and the
Ashkin-Teller-Potts models, and then generalized to arbitrary
models by Edwards and Sokal.

Idea: relate non-uniqueness of Gibbs measure in the
statistical-mechanical model to the existence of an infinite cluster
in the random-cluster model: a percolation problem.

First applied by Aizenman, Chayes, Chayes and Newman to
study the phase diagram of the dilute Ising and Potts models.
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Our result

We fix p large enough to have percolation of the disorder J.

We derive a lower bound for the critical temperature: for every
dimension d and every number q of spins there is
β0 = β0(q, d , p) > 0 such that there are at least q Gibbs measures
at inverse temperatures β > β0, for almost all disorders J.

Main theorem

Let p > pc , Bernoulli bond percolation critical probability in Zd .

Disorder J ∼ i.i.d. Bernoulli(p).

Then there is β0 = β0(d , p, q) > 0 such that β > β0 implies

Pp(J : |GJ | ≥ q) = 1.
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Comparison with other methods

For fixed d and p,

β0(q, d , p) ∼ q2 log q as q →∞

same as Pigorov-Sinai and reflection positivity in the 2-dimensional
homogeneous case.

In particular,
lim
q→∞

β0(q, d , p) =∞

so not suitable to study the XY model (q →∞); (van Enter,
Külske and Opoku).

For d ≥ 3 and p = 1, reflection positivity gives β0 independent of
q, (Maes and Shlosman).
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Clock model and random-cluster in a finite graph

non-oriented finite graph (V , E)

U ⊂ V boundary.

For dilute clock in Λ ⊂ Zd ,

U = ∂Λ := {y ∈ Zd \ Λ, ∃x ∈ Λ : ‖x − y‖2 = 1},

vertex and edge sets are

V = Λ∪∂Λ and E = {〈xy〉 , {x , y} 6⊂ Λc , ‖x−y‖ = 1, J〈xy〉 = 1}.
(5)

The clock model.

spins or angles:

S :=

{
2πi

q
: i = 0, . . . , q − 1

}
. (6)
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S 3 a, b and c ,

spin-configurations in SV are denoted by σ.

Hamiltonian H = H(V , E)

H(σ) :=
∑
〈xy〉∈E

(
1− cos(σx − σy )

)
. (7)

write σ
U
= a when σx = a for all x ∈ U.

Clock probability µ = µ(V ,U, E , β) with 0-boundary condition:

µ(σ) :=
1

Z
e−βH(σ)1[σ

U
= 0], (8)

Edge product measure.

Recall Smod = {|a| : a ∈ S}. k = |Smod| where k ≈ q/2.
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Weights W : Smod → (0, 1]

W (a) := e−β(1−cos a) (9)

0 = a0 < a1 < · · · < ak

Define θ probability on Smod:

θ(ai ) := W (ai )−W (ai+1), i = 0, . . . , k

with the convention W (ak+1) = 0.

Edge product measure with marginals θ:

φ̂(ω) :=
∏
〈xy〉∈E

θ(ω〈xy〉), ω ∈ (Smod)E (10)
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Spin-edge compatibility

ω ∼ σ ⇔ |σx − σy | ≤ ω〈xy〉 for every 〈xy〉 ∈ E . (11)

If ω ∼ σ:

ω〈xy〉 = 0 implies σx = σy ;

ω〈xy〉 = ak imposes no restriction on σx and σy .

Clock measure as edge measure

We can write:

µ(σ) = φ̂(ω : σ ∼ ω)
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Random-cluster probability φ = φ(V ,U, E , β) on IE

edge-configuration has weight proportional to the number of
compatible vertex-configurations:

φ(ω) :=
1

Z

∣∣{σ : ω ∼ σ, σ U
= 0}

∣∣ φ̂(ω). (12)

Spin-product measure uniform on SV with 0 at U:

µ̂(σ) :=
1

q|V \U|
1[σ

U
= 0] . (13)
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Joint edge-vertex probability

Q = Q(V ,U, E , β) on IE × SV .

Q(ω, σ) :=
1

Z ′
1[ω ∼ σ] φ̂(ω) µ̂(σ), (14)

(product probability φ̂× µ̂ conditioned to compatibility.)

Edwards-Sokal representation theorem

The measures φ and µ are respectively the first and second
marginals of Q.

Q is a coupling between clock µ and random-cluster φ.
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Conditional distribution of σ given ω is uniform on
compatible set

Q
(
σ |ω

)
=

Q(ω, σ)∑
σ′ Q(ω, σ′)

=
µ̂(σ) 1[ω ∼ σ]

µ̂
(
σ′ : ω ∼ σ′

) . (15)

Sampling a clock configuration:

First choose ω ∼ φ, then choose σ uniformly among those
compatible with ω and satisfy the boundary restriction:

µ(σ) =
∑
ω∈IE

µ̂(σ) 1[ω ∼ σ]

µ̂
(
σ′ : ω ∼ σ′

) φ(ω). (16)
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Percolation

Denote x
ω←→ y if there is a path between x and y with ω = 0: an

ω-open path.

Connection to boundary and “magnetization”

If x is connected to the boundary by a ω-open path, then σx = 0:

{(ω, σ) : x
ω←→ U} ⊂ {(ω, σ) : σx = 0}

Hence,

µ(σ : σx = a)

= φ
(
ω : x

ω←→ U
)
1[a = 0] + Q

(
(ω, σ) : σx = a, x

ω
6←→ U

)
.
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Positive correlations lemma

For any x ∈ V and spin a 6= 0,

µ(σ : σx = 0) ≥ µ(σ : σx = a) + φ
(
ω : x

ω←→ U
)
. (17)

Stochastic domination theorem

Let Bρ Bernoulli product measure on {0, 1}E with parameter ρ.

Theorem For any ρ ∈ [0, 1) there exists β0 = β0(ρ) > 0 such that
if β ≥ β0, let ω ∼ φ. Then,

Bρ is stochastically dominated by 1− ω

β0 is independent of the graph (V , E) and the boundary U.

This means that if Bρ has an infinite cluster, then there is an
infinite path of zeroes in ω.
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Recall combinatorial Lemma

For every x ∈ V , a ∈ S and ω ∈ IE ,∣∣{σ : ω ∼ σ, σ U
= 0, σx = a}

∣∣ ≤ ∣∣{σ : ω ∼ σ, σ U
= 0, σx = 0}

∣∣.
Equivalently,

µ̂(σ : σx = a, ω ∼ σ) ≤ µ̂(σ : σx = 0, ω ∼ σ). (18)

Comparison with diluted Potts with q spins

Potts Hamiltonian:
∑
〈xy〉 J〈xy〉1[σx 6= σy ],

Random-cluster on {0, 1}E ;

If ω ∼ σ and

ω〈xy〉 = 1 then σx = σy
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ω〈xy〉 = 0 then no restriction on σx − σy
Component of the graph (V , {〈xy〉 : ω〈xy〉 = 1}) is an ω-cluster.
Then ω ∼ σ implies that σ is constant on ω-clusters.

Hence, for Potts model, simpler combinatorial term:

|{σ : ω ∼ σ, σ U
= 0}| = qnumber of ω-clusters. (19)

Proof of main Theorem: Phase co-existence.

Disorder J ∼ Bernoulli(p).

Take p > pc , the critical value for bond percolation in Zd .

Pp(J : x
J←→∞) > 0

Take ρ ∈ (0, 1) such that pρ > pc
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Let J ′ be an independently sampled Pρ-disorder.

Denote by JJ ′ vertices open for J and J ′, (JJ ′ is a Ppρ-disorder)

Let X ⊂ {0, 1}E(Zd ) be the set of disorders J such that there is an
infinite JJ ′-open cluster with probability 1:

X := {J : Pρ(J ′ : there is an infinite JJ ′-open cluster) = 1}.
(20)

Hence, for each J ∈ X , there exists a vertex x ∈ Zd belonging to
an infinite JJ ′-open cluster with positive Pρ-probability:

Pρ
(
J ′ : x

JJ′←→∞
)
> 0. (21)

Let β0 = β0(ρ) be as in the statement of the domination Theorem.
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Fix a J ∈ X and a vertex x satisfying (21). Since 1− ω ≥ J ′ by
Holley and (17),

µ0
Λn,J(σ : σx = 0) ≥ µ0

Λn,J(σ : σx = a) + Pρ
(
J ′ : x

JJ′←→∞
)
, a 6= 0.

Conclude that any weak limit as n→∞ will satisfy

µ0
J(σ : σx = 0) > µ0

J(σ : σx = a), a 6= 0. (22)

By the rotational symmetry,

µbJ(σ : σx = b) > µbJ(σ : σx = a), a 6= b,

and therefore the q-Gibbs measures µbJ , b ∈ S , must be
different.
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Proof of positive correlations.

For any spin a 6= 0,

µ(σ : σx = a) =
∑

ω: x
ω
6←→U

µ̂(σ : σx = a, ω ∼ σ)

µ̂(σ : ω ∼ σ)
φ(ω)

≤
∑

ω: x
ω
6←→U

µ̂(σ : σx = 0, ω ∼ σ)

µ̂(σ : ω ∼ σ)
φ(ω)

= Q
(
(ω, σ) : σx = 0, x

ω
6←→ U

)
,

≤ Q
(
(ω, σ) : σx = 0, x

ω
6←→ U

)
+ φ(ω : x

ω←→ U)

= µ(σ : σx = 0) (23)

where the first inequality is the combinatorial lemma.
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Proof of stochastic domination.

Holley’s inequality says:

Global domination Bρ ≤st φ follows from local domination:

ρ ≤ φ
(
ω : 1− ω〈xy〉 = 1

∣∣ω : ω
E\〈xy〉

= ω′
)

=: α(〈xy〉, ω′), (24)

for each edge 〈xy〉 ∈ E , ω′ ∈ IE .

So, we need to prove (24).

For t ∈ Smod define t〈xy〉ω
′ ∈ IE by

(t〈xy〉ω
′)〈xy〉 = t and t〈xy〉ω

′ E\〈xy〉= ω′.
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Omitting the dependence of α on (〈xy〉, ω′) in the notation, and
recall a0 = 0 to get

α =
φ(0〈xy〉ω

′)∑
t φ(t〈xy〉ω′)

=
θ(0)|{σ : 0〈xy〉ω

′ ∼ σ, σ U
= 0}|∑

t θ(t)|{σ : t〈xy〉ω′ ∼ σ, σ
U
= 0}|

, (25)

where the sums are on {t : t ∈ Smod}. Hence,

α−1 =
∑

t∈Smod

θ(t)

θ(0)

|{σ : t〈xy〉ω
′ ∼ σ, σ U

= 0}|

|{σ : 0〈xy〉ω′ ∼ σ, σ
U
= 0}|

. (26)

For t ∈ Smod, let

K (t) := |{(a, b) ∈ S × S : |a− b| = t}|. (27)

(depends on β).
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Identifying all points in U and calling ω̃ the resulting configuration
in the new graph and observing that

|{σ : σ ∼ ω̃, σy = 0, σx = a, σ
U
= 0}| =

1

q
|{σ : σ ∼ ω̃, σy = 0, σx = a}|

we can get rid of σ
U
= 0 by changing the graph, so that

α−1 =
∑
t

∑
a≤t

θ(t)

θ(0)

K (t)

K (0)

|{σ : σ ∼ ω̃, σy = 0, σx = a}|
|{σ : σ ∼ ω̃, σy = 0, σx = 0}|

. (28)

By the combinatorial Lemma,

α−1 ≤
∑
t

∑
a≤t

θ(t)

θ(0)

K (t)

K (0)
=: (γ(β))−1. (29)
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We conclude that Bρ ≤st φ if β satisfies

ρ ≤ γ(β) (30)

The function γ is increasing in β.

limβ→∞ γ(β) = 1.

limβ↓0 γ(β) = 0. See figure.

γ−1 : (0, 1)→ (0,∞) is well defined.

Hence,

if β0 = γ−1(ρ), then local domination holds for all β ≥ β0.
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β

ρ

γ(β)

β0(ρ)

1

Figure: The graph of γ when q = 4.
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10. Hans-Otto Georgii, Olle Häggström, and Christian Maes. The
random geometry of equilibrium phases. In Phase transitions
and critical phenomena, Vol. 18, volume 18 of Phase Transit.
Crit. Phenom., pages 1–142. Academic Press, San Diego, CA,
2001.

11. Geoffrey Grimmett. The random-cluster model, volume 333 of
Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 2006.

12. P. W. Kasteleyn and C. M. Fortuin. Phase transitions in
lattice systems with random local properties. Journal of the
Physical Society of Japan, 26:11–14, 1969.

13. Errico Presutti. Scaling limits in statistical mechanics and
microstructures in continuum mechanics. Theoretical and
Mathematical Physics. Springer, Berlin, 2009.

41



.

14. S. A. Pirogov and Ja. G. Sinăı. Phase diagrams of classical
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