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LPP limit fluctuations

The Hammersley Last-Passage Percolation (LPP) model was
introduced by Aldous and Diaconis (95), and based on a
particle system approach, developed by Hammersley (72), to
study the famous Ulam’s problem on the longest increasing
subsequence of a random permutation.



LPP limit fluctuations

Let P denote a two-dimensional homogeneous Poisson
process and define and for x,y € R?, with x <y
(coordinate-wise),

M(x,y) := { non-decreasing Poisson-paths 7 in (x,y] } .

and

L = .
(x,y) _ e”%?,ffy) #m

We denote L(x) := L(0, x).



LPP limit fluctuations

Figure: L(x,y) =3



LPP limit fluctuations

Shape Theorem (Aldous and Diaconnis (95))
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LPP limit fluctuations

Shape Theorem (Aldous and Diaconnis (95))
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Limit Fluctuations (Baik, Deif and Johansson (99))
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LPP limit fluctuations

The Airy Process (Prahofer and Spohn (02))
For x € R denote [x], := (n+ 2xn?/3, n). Define the process

_ LX) — @0+ 2x?P) |,

xR — Ap(x): 73

Then dist

nILmOOA,,(-) ="A("),
where A is the Airy process. This process describes the limit
fluctuations of many models and it gives rise to a universality
class named the Kadar-Parisi-Zhang (KPZ) universality class.



LPP limit fluctuations

KPZ fixed point (Corwin, Quastel, Remenik (15))

It is conjectured that this universality class has space and time
fluctuations described in terms of a class of evolution operators
(Tst, 0 < s < 1), acting on real functions, and defined as

Taaf(0)i=sup {1(2) + Az, %) - (Zt‘_’;)z} |

The (four-dimensional) process
(A(z,s;x,t), z,xeR,0<s< )

is the so called space-time Airy sheet.



LPP limit fluctuations

LPP limit fluctuations
For x € R and t > denote [x, ], := (nt 4+ 2xn?/3, nt). Define the
space-time process A, as

L([z, 8]n, [X, t]n) — n(Z, S; X, 1) N (x — 2)? .

An(z, s x,t) = /3 s

where
(2,8, X, 1) :=2(t — 8)n+ 2(x — z)n?/3.
It is conjectured that

nIi_}m An(z,s; x, 1) dist A(z,s; x,t) (as a space-time process) .
o0



LPP limit fluctuations

Goal

» Tightness of the limit fluctuations (in space);
» Gaussian local behaviour of the limit process.



LPP limit fluctuations

Goal

» Tightness of the limit fluctuations (in space);
» Gaussian local behaviour of the limit process.

Technique

The method of proof is base on an equilibrium comparison
technique. A remarkable aspect of this method is that it gives
us tightness, continuity and Gaussianity in a very directed way.
The main referencs are Cator and Groeneboom (06), Cator and
Pimentel (15).



Hammersley’s model

Stationary model (LPP with Poisson boundary)

Let v, be a homogeneous one-dimensional Poisson process
(independent of P). For t > 0 and x € R define

L)\(Xv t) = T<a;( { V)\(Z) + L((27 0)7 (X7 t))} ;

where
vA((0, 2]) forz>0

v(2) = { Zn((2,0]) forz<o0.
Then, for all t > 0,

L, 1) = La(2,1) = (2, X))



Hammersley’s model

Figure: Stationary model
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Exit-point formula
Theorem 1 (Cator and Groeneboom (06))
Denote z* := max{0, z}, and let
Z\(x, 1) = sup {z < x 1 La(x, t) = vi(2) + L((z,0), (x, t))} :

Then ;
VarLy(x, t) = 1 AX + 2AEZ; (x, )T .



Exit-point formula

Theorem 1 (Cator and Groeneboom (06))
Denote z* := max{0, z}, and let

Z\(x, 1) := sup {z < x : La(x, 1) = va(2) + L((2,0), (x, t))} :
Then /
VarLy(x, t) = 1 AX + 2AEZ; (x, )T .
Proof of Theorem 1

» Lemma 1: VarLy(x, t) = £ — Ax +2Cov(Ly(x, ), vA(X)) -

» Lemma 2: Cov(Ly(x,t),va(x)) = AEZ(x, t)T .



Cube root asymptotics

Theorem 2 (Cator and Groeneboom (06))
There exists ¢; > 0 such that, forall t,u > 0

1 EZ(t,t)*
P(Zi(t, 1) > u) < ¢ <U3+1L(l4)> .



Cube root asymptotics

Theorem 2 (Cator and Groeneboom (06))
There exists ¢; > 0 such that, forall t,u > 0

1 EZ(tt)"
P(Zi(t,t) > u) < ¢ <U3+1L(l4)> .

Corollary 1

. VarLq (t,t ; EZ (t.h)" .
> limsup;_, o t21/(3 ):lemSUpHoo ;zg/s) < 00,




Cube root asymptotics

Theorem 2 (Cator and Groeneboom (06))
There exists ¢; > 0 such that, forall t,u > 0

1 EZ(tt)*
P(Zi(t,t) > u) < ¢ <U3+1L(l4)> .

Corollary 1

. VarLq (t,t ; EZ (t.h)" .
> limsup;_, o t21/(3 ):lemSUpHoo ;zg/s) < 00,

» There exists ¢ > 0 such that, for all ¢,r > 0,

P (Zi(t.1) > ) < %



Cube root asymptotics

Proof of Theorem 2
» Let A > 1, then

P(Zi(t,1) > u) < P(n(u) — 1 (u) < La(t, 1) — Li(t, 1)) ;



Cube root asymptotics

Proof of Theorem 2
» Let A > 1, then

P(Zi(t,1) > u) < P(n(u) — 1 (u) < La(t, 1) — Li(t, 1)) ;

» For u € (0, 21], choose

A=A, t):=(1—u/t)y /2



Cube root asymptotics

Proof of Theorem 2
» Let A > 1, then

P(Zi(t,1) > u) < P(n(u) — 1 (u) < La(t, 1) — Li(t, 1)) ;

» For u € (0, 21], choose

A=A, t):=(1—u/t)y /2

» Use Chebyshev and Theorem 1.



Cube root asymptotics

Remark 1
A lower bound with the same scaling exponent can be obtained
by using a similar approach. However, we will not tackle this

issue here.



Cube root asymptotics

Remark 1
A lower bound with the same scaling exponent can be obtained
by using a similar approach. However, we will not tackle this

issue here.

Theorem 3
There exists ¢z > 0 such that, forallt >0and r > 1,

P (1Lt ) = L(t, 0] > rt'/3) < %



Cube root asymptotics

Lemma 3
Let x < y. If Z\(y,t) < 0then

L(y,t) — L(x,t) = Lx(y, 1) — La(x, 1),
and if Z\(x,t) > 0 then

L(ya t) - L(Xa t) < L/\(y> t) - L/\(Xv t) :
Proof of Lemma 3
Denote z, := Z)(y,t) < 0 and take z as the intersection

between a maximal path from (z,,0) to (y, t) and a maximal
path from 0 to (x, t). Then

La(y, ) = La(x, 1) < L(z,(y, 1)) — L(z, (x, 1)) < Ly, t) = L(x, 1).



Cube root asymptotics

Lemma 4
Fort>0andre[1,t/3) set

Ay =1+ ft71/3 .
Then there exists ¢4 > 0 such that (for large t)
P(Zy-(t,t)>0) < cur ™,

and
P(Zyi(t, 1) <0) < cqr 3.



Cube root asymptotics

Lemma 4
Fort>0andre[1,t/3) set

Ay =1+ ft71/3 .
Then there exists ¢4 > 0 such that (for large t)
P(Zy-(t,t)>0) < cur ™,

and
P(Zyi(t, 1) <0) < cqr 3.

Proof of Lemma 4
Notice that
P(Zy\_(t,1)>0) = P 21(A,t,A:1t)>o)

(
- P (21 AN > (AT - )\_)t> .



Cube root asymptotics

Proof of Theorem 3
Lemmas 3 and 4 are the key tool to handle the local equilibrium
comparison method.

» Write Ly(t, t) — L(t,t) = maxz<t{r1(z) — A(z,t)} where
Az, t) == L(t,t) — L((2,0), (¢, 1))
» Use local comparison to show that (for r € [1, t5/4))

I(t,r) =P ( max {vy(2) — A(z, )} > rt1/3> < csr /4,

‘Z|§I’7/12[2/3
» Apply Corollary 1:
P (|L1(t, £~ L(t, 1) > rt1/3) < I(t,r)

+ IP’<|Z1(t, 1y > r7/‘2t2/3) .



Tightness and Gaussianity

As a consequence of Corollary 1 and Theorem 3, we have that
An(0,0; 0,1) is tight. To get tightness we now need to study
the modulus of continuity of

An(z,x):=An(z,0; x,1).

We will do it in the one-dimensional case, by taking z = 0, but
we hope that it will be clear how to proceed in the
two-dimensional setting.



Tightness and Gaussianity

Theorem 4
Denote An(x) := An(0, x). Let n,0 > 0. There exists a constant
¢4 > 0 such that, if with 6 < (1/8)"/(1=#) then

lim sup P ( sup |An(y) — An(x)| > n)

n—oo yE[x,x+4]

< 21P’<sup |B(v)| > + 0%,

ve[0,1] 2\ﬁ>

where B is a standard Brownian Motion, and 5 € (1/3,1) is a
fixed number.



Tightness and Gaussianity

Proof of Theorem 4
For A_ < A4 let

= Lrx([X]n) — Lr=([0]n) — Ay 2xn?/3 |

Bnd:(x) . n1/3

We will choose

5B
)\j: :)\i(n,é) = 1 im,

where 6 > 0 and g € (1/3,1) is a fixed number. (Later we will
send n — oo and § — 0.) Define the event

En(6) == {Z.([0]s) > 0 and Z,_([1]s) <0} .



Tightness and Gaussianity

Proof of Theorem 4
By Lemma 3, on the event E,(§), and for y € [x, x + 4],

An(y) — An(X) > Bn_(y) — Bn_(x) — 257

and
An(y) — An(X) < Bni(y) — Bni(x) + 45" 7.

By Lemma 4,

limsup P (En(5)°) < 2¢46%° .

n—oo

Since Bp, + are normalized Poisson processes, and A+ — 1, we
have convergence to Brownian Motion (with o = 2).



Tightness and Gaussianity

Theorem 5
Define A by

A(u) = e V2 (A(eu) — A(0)) .
Then ,
lim A(-) & v2B(),

e—0

Proof of Theorem 5
Now choose (for fixed 5 € (0,1/2))

Ar =Ae(ne) =1+ —
and denote

As(u) = e /2 (An(eu) — An(0)) and B . (u) == e /2By 1 (eu).



Tightness and Gaussianity

Proof of Theorem 5
By Lemma 3, on the event Ex(e), and for v € [u, u + 4],

AL(V) = Ar(u) > By _(v) — B;_(u) — 26¢'/277
and
AS(v) — As(u) < B, (v) — B (u) + 46¢'/275

By using the convergence of A, to A, together with Lemma 4,

limsupP ( sup |AY(v) — A(u)| > n)

e—0+ velu,u+9]

n
< 2P| sup |[B(v)|> —] .
<Ve[o,1]' V) @s)



Tightness and Gaussianity

Proof of Theorem 5
To show finite-dimensional convergence,

P <ﬂ¢:1 {A(u) < ai}) < P (ﬂ;{:1 {B(QU;) <a;+ 461/2_B}>

+ C4635,

and

P (A <ay) > P(nk, {Blu)<a -4 7})
_ gy

(again by local comparison).



Tightness and Gaussianity

Remark 2

If one looks at a window of size n?, than the local fluctuations
(rescaled by n"/2) will be Gaussian. To get that, one can
parallel the local comparison argument as before, but now
choosing the intensity parameter as

1

where v/ € (v,2/3).



Tightness and Gaussianity

Remark 3

Tightness of the sequence Au(-, -) show existence of a
collection of Airy Sheets (only in the space varibles), though
weak limits of A,(-, -). The finite dimensional distributions are
unknown. However, the local comparison method can be
applied to show that it (any weak limit) is locally an additive
Brownian motion.



