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This talk

Increased interest in ML community to use optimal transport
(OT) methods.

NIPS Tutorial on OT.

New Book: Computational Optimal Transport (Peyre & Cuturi),
FREE online.

Classic Book: Cédric Villani.
Hundreds of research papers in the past 5 years.

Good opportunity to create interactions between
mathematicians/theorists and data scientists/ML researchers.



Maximum Likelihood estimator (p

Current (past)
statistical pa radig)m

larized by Fis

{wz’}ile ~ pé( ) i.1.d., OvLE = arg maxg Hz 11?0(21%)

Nice interpretation.

Nice properties: sufficiency, efficiency, etc

Can be thought as minimization of a discrepancy. If pe

is density of ag and P@ of B with empirical 8, = & 32N §(a;)

ming Lyrre(o, Brn) — KL(ag, B)

EMLE(aea ﬁn) = — Zf\il lngg(ZEz) — KL(O{@, /B)
It induces geometry, e.g. Fisher information metric, Amari
1985.

However, it is not 'perfect’.



Optimal Transport

How to minimize the cost of transporting
all units in mines to factories?

min pi,j Cz"j

Pij > 0> pij =ai, ) ;pij= bjaz-az' = ;b

Mines &2, 223 / Factories
L=




Optimal Transport

~

Monge Formulation
infr [ oz, T(x))dp(z)
s.t. v =TH#pie. v|B] = u(T1(B)

Kantorovich Formulation
infw fXXYC(xa y)dﬂ-(wa y)
s.t. w € u,v|, i.e. 7| X X Bl =v(B),n[Ax Y] = u(A)



Kantorovich Duality

Let X,Y be Polish spacesand C:X xY — R, U{+o} be
a lower-semi continuous cost function.

Define

I[7] = [xyy ez, y)dn(z,y), J(P,¥) = [x ¢du+ [y pdv
And

o = {(¢,9) € L'(dp) x LN (dv) : ¢(z) + ¥(y) < c(z,y)}

Then,
infry(,) I{7] = supg, J(¢, %)



Legendre-Fenchel Fenchel-Rockafellar

transform theorem
Let ©(-) be convex,onan.v.s E Let O(-),Z(-) be convex. If forsome zy € E
with values in RU {+oo} O(:)is continuous atzo and ©(z) < +o0,E(z) < 400

For values in the topological dual E* Then,
define the L-F conjugate as: inf,c 5[0 + E] = max,cp- [—O*(—2z*) — B*(2*)]
©%(2%) = sup,cp[(z", 2) — O(2)]

y
y =25z — 0"(%) //,//




Proof sketch

1. Start withX, Y compact, ccontinuous and use E = Cj(tKerefBie
E* = MégKlar Fagon measures). Show it holds there
by Fenchel-Rockafellar theorem.

2. (u,v)is compact; infimum is attained.

3. Relax compactness using tightness of the minimizer=* and a
truncation argument. Notice one can use E = L'(du) x L*(dv),



Kantorovich-
Rubinstein Theorem

Let X =Y be a Polish space and c(z,y) = d(z,y) a lower semi
continuous metric.

Define
Ta=infrcnpy [x. x 4@, y)dn(z,y)
And
||| Lip = sup,, W(zg;z)(y)!
Then,

Ta=sup{ [y ¢d(k —v); ¢ € NL*(d|p — v|); [|$l|zip < 1}

Relevant case: d(x,y) = || — y||.



Proof sketch

1. For ¢ bounded define the pair of c-concave conjugate pair

(qu, ¢CC) as:

¢°(y) = infrex[c(z,y) — o(z)], #°(y) = infyey[c(z,y) — ¢°(y)]

2. Notice one can replace (6,v) by (6%, ¢°)and ¢° = — ¢

3. SUPgcri(dy) J(—¢d,¢d) — SUP| ¢||Lip<1 J(p, —9)



The case c(z,y) = ||z — y|

Knott-Smith optimality criterion

7 € II(u,v) is optimal if there exists a convex lower semi-
continuous P(Z) satisfying,

Fordm almost all (z,y), y € 0¢(x)

Moreover, (¢, ®*) minimizes

inf{ f[p. ¢du + [go Pdv; V(z,y), -y < ¢(z) +P(y)}

Brenier's theorem

If u does not give mass to Lebesgue-negligible sets then
the unique optimal 7 satisfies.

dr(z,y) = du(z)dly = Vé(z)]
V¢(z) is the unique gradient of a convex function s.t v = Vé#pu



The metric side of

Let X be a Polish space end@d-l'\-/ith a distanced andp >0
Define
Tp — infﬂ‘EH(,u,l/) fXxX dp(CB, y)dﬂ-(wa y)

Then, if p € [1,00), W, = Tzlg/pdefines a metric on Pp(X)
(p-moment bounded)
If pc [07 ]-)7 Wp — Tp defines a metric on Pp(X)

Wasserstein distances are distances between distributions
and metrize weak convergence.



Displacement interpolation

Time dependent (Monge) optimal transport

inf{ [, C[(Tiz)]o<t<1 du(z); To = Id, Ti#u = v}

C' is consistent with original Monge if optimal 1} gives rise to
optimalT' =11 .e.g., c(z,y) = inf{C|(2t)o<t<1|, 20 = x, 21 = y}

Cl(zt)o<t<1] = [y |2:Pdt = c(a,y) = |z — yI’
n this case (McCann displacement interpolation)
Ti(z) = (1 —t)z +tVe(x) < pr = [(1 —t)Id + tV |7 p

Wa(u, pt) = tWa(p, v)
Constant velocity geodesic.



Computational
Optimal transport

OT problem states: d¢(u,v) = inf e,y Ex(c(z,y))

In practice, transportation between discrete measures
m .
po= D 1 Uils,, V = j:lvy5yj

The problem becomes
dc(lua V) — ianEU(u,v) <P7 C>

(P,C) = Zi,j P;;iCij,  Cij = c(zi, yj)

In the transportation polytope
U(u,v) ={P € R"*™; Pl,, =u, P'1, = v}



Entropy regularized
Optimal Transport. Why?

The discrete OT is solved by combinatorial optimization algorithm
with O (nPRIGaPp better approximate solutions?

The operator . iS not
differentiable. To® badd®s Bitbraaticdifferdhtiation libraries.



Entropy regularized
Optimal Transport

Add entropy term h(P) = —>_, . P, jlog P, ; Cuturi, 2012

d}(u,v) = infpey(up) (P, C) — AR(P)  Cuturi function
— ianeUa(u,v) (P,C), U*(u,v) ={PcU(u,v): KL(Plluv') < a}

l.e., enforce contigency tables to be close to the independent

From Computational OT book 4 —& A

e=10"1 e=10"2



Sinkhorn algorithm

First order optimality condition

P} = exp(—1/2 — a;/\) exp(—c; ;i /) exp(—=1/2 — B; /)

0]
with a, 8 Lagrange multipliers i.e.,

P* = diag(a)K*diag(b), a,b>0,K* =exp(—C/\)

By Sinkhorn's theorem, there is a unique P ¢ U(u,v) asabove
and can be obtained by Sinkhorn fixed point iterations (matrix
scaling)

[+1 __ [+1 __ v
a sz 9 b = TT g




Other relations

Bregman projections
C,={PeRV™; Pl, =u},C,={PecRV™ P'l, =v}

dy (u,v) = infpeyu,v) KL(P|| K*)

Pl = ProjEL(Pl), P2 = ProjEL(PH)

Duality

dy (1, v) = max epn gern (f,u) + (g,0) — Me!?, Ke9/?)

Convergence to actual solution. Cominetti & San Martin 1994

Reverse mode automatic differentiation
Solution can be written as  {diag(a’) K*diag(b'), C)

Differentiate this expression with respect to relevant parameters



The case of permutations

e |f m = n onesolves alinear program on the Birkhoff

polytope. B

Sinkhorn algorithm becomes iterative row and column scaling
of a matrix, Sinkhorn operator S(-).
Entropy regularization allow us to conceive soft matchings

S(C/A) = argmaxpep(P,C) + Ah(P)

In the limit become hard

ermutations

M (C) = argmaxpcg(P,C) = limy_o+ S(C /)

Analogy with softmax

Mena et al, 2018
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Complexity of
Sinkhorn algorithm

Active area of research. Sinkhorn algorithm works in near-linear time

Theorem (Altschuler, Weed, Rigollet, 2017). Sinkhorn algorithm
gives a solution P satisfying

<p, C> S minpeU(u,v) <P, C> + €
in O(n2L4 1()g(n)2€_3)operations.
Here, e = Alogn,e =¢/(4||C||x) ||C|loc <L

Sinkhorn iterations are defined with a tolerance €’



Wasserstein Barycenters

[L = arg min,, fo\il >‘z’W22 (1, Vi)

Generalizes McCann displacement formula (Agueh and Carlier,
2010)

Relates to Multi-Marginal problem (Agueh and Carlier, 2010)

infreni,. . ) Jpa(Chy 3|z — T(x)?)dn (1, ..., zp)

/j’:( zl z)#VJ



Wasserstein barycenters

Cuturi and Doucet, 2014
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Benamou et al 2014

Use entropic regularization for scalability! ooo ‘




Wasserstein Principal
Geodesic Analysis

Flectcher et al, 2004. Extension of PCA to the manifold setting

Algorithm 2: Principal Geodesic Analysis
Input: z1,...,2x € M
Output: Principal directions, v, € T,,M
Variances, \r. € R
4t = intrinsic mean of {z;} (Algorithm 1)

u; = Log, () Scaled by Seguy and Cuturi, 2015

S = (1/N) XL uiud

{vk, A} = eigenvectors/eigenvalues of S.

k& e 1= xR |+ e
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Generative models

How to estimate @ in a model defined as follows: Sample from a
reference (noise) distribution z ~ ( € P(Z),thenT = ho(z) € X

hg : Z — X is usually a complex nonlinear function between two
high-dimensional spaces ag = hg#en't have a tractable

density and cannot use MLE.

Instead, consider the problem( 8 is the true distribution of data.)

ming W1 (ay, 8) = ming inf peri(a,,8) E(||z — y||)

— ming sup; 1, Fay (£(2)) — Es(f(x))
Solve minimax problem using VoWi(ag, 8) = E,:(Vaf(ho(2))

Wasserstein GAN, Arjovsky et al 2017



More generative models

Alternative formulation

Genevay et al 2017 uses primal formulation
ming W1 (o, B) = ming inf pcry(o,.8) E (|| — y||)
Also, use entropy regularization to enable automatic differentiation.
Alternative distances, Integral probability metrics
E(e, B)? = 2Esayp(z — yll) — Boawnalllz — 2'[) — Eyupy~p(lly — /Il

E(a, B)° = supseyyfiin<t Bas(f(x)) — Es(f(x))
Dry(a, B) = supyer |a(A) — B(A)] = subseo(xj0.1)) Foy (f(2)) — Es(f(z))



More generative models

Sample complexity

Computations involve samples from the model and data.

d = : .
E(‘Wl(an, Bn) — Wl(a,ﬂ)’) — O(n—l/d) data dimension

=ML ‘wa

E(|€1(an, Bn) — E%(a, B)|) = O(n™")

This would be catastrophic, but in practice
it is not.

Why? study differences in
induced geodesic structure

Bottou et al, 2017

Generated by the ED trai ned model

Generated by the WD trained model



Robusthess to
adversarial attacks

Goal: quantify robustness to adversarial examples and design
robust algorithms

Classical approach: Empirical Risk Minimization g
ming 5 3%, 1(0, 2:) = ming Bp, (1(6, 7)) L~ 508

'Modern' approach: distributionally
robust optimization

ming SUPp.w (p.p,)<, Ep(l(6,x))

Sinha,Namkook, Duchi 2017. Robust algorithm, and certificate
For the true P
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