Construction of geometric rough path

Based on a joint work-in-progress with L. Zambotti (UPMC)

Nikolas Tapia
January 22, 2018

Universidad de Chile - Université Pierre et Marie Curie



MOTIVATION

Consider the It0 SDE dX; = f(X;) dB; with (B;)¢>o a standard Brownian
motion. The solution map (It6 map) is only measurable in general.



MOTIVATION

Consider the It0 SDE dX; = f(X;) dB; with (B;)¢>o a standard Brownian
motion. The solution map (It6 map) is only measurable in general.

Worse: there is no Banach space % c C° such that Brownian paths are a. s.
in % and I(y, x); = fot ysXs ds extends continuously from €% x C" to % x %
(T. Lyons, 1991).



MOTIVATION

Consider the It0 SDE dX; = f(X;) dB; with (B;)¢>o a standard Brownian
motion. The solution map (It6 map) is only measurable in general.

Worse: there is no Banach space % c C° such that Brownian paths are a. s.
in % and I(y, x); = fot ysXs ds extends continuously from €% x C" to % x %
(T. Lyons, 1991).

However: let {o.} be nice mollifiers and define Bf = fotpg(t —s)dBs.

If X¢ is the solution to X¢ = f(X)B¢ then



MOTIVATION

Consider the It0 SDE dX; = f(X;) dB; with (B;)¢>o a standard Brownian
motion. The solution map (It6 map) is only measurable in general.

Worse: there is no Banach space % c C° such that Brownian paths are a. s.
in % and I(y, x); = fot ysXs ds extends continuously from €% x C" to % x %
(T. Lyons, 1991).

However: let {o.} be nice mollifiers and define Bf = fotpg(t —s)dBs.
If X¢ is the solution to X¢ = f(X)B¢ then

Theorem (Wong-Zakai, 1964)
For nice enough f, the X¢ converge in probability as € — 0 to the
solution of the Stratonovich SDE dX; = f(X;) o dB;.



MOTIVATION

Consider the It0 SDE dX; = f(X;) dB; with (B;)¢>o a standard Brownian
motion. The solution map (It6 map) is only measurable in general.

Worse: there is no Banach space % c C° such that Brownian paths are a. s.
in % and I(y, x); = fot ysXs ds extends continuously from €% x C" to % x %
(T. Lyons, 1991).

However: let {o.} be nice mollifiers and define Bf = fotpg(t —s)dBs.
If X¢ is the solution to X¢ = f(X)B¢ then

Theorem (Wong-Zakai, 1964)
For nice enough f, the X¢ converge in probability as € — 0 to the
solution of the Stratonovich SDE dX; = f(X;) o dB;.

There are reasonable approximations for which X¢ does not converge.
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MOTIVATION

Consider the driven (deterministic) differential equation du; = f(u¢) dx;.
The solution cannot behave better than x, e. g. f is constant.

Interpretation depends on the regularity of x. OK if x € C'.

Theorem (Young)
The integral map | : C° x C' — C" has a unique continuous extension to
C* x CP — CPiff a + B > 1. It is the unique function satisfying Iy = 0 and

e = Is — ys(xe — xs)| S [t — s|**P.

If x € C* for a > % interpret as u; = ug + I(f(u), X)t.

Problem: Brownian paths fall outside of this scope.
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If x € C* for a > % the equation is equivalent to
Ut — Us = f(Us)(xt — Xs) + o(|t — s|).
What can we say about the remainder

t
Rst = It — Is = Ys(xt — Xs) = / (Vu = ¥s) dxu?
s

A simple computation gives Rst — Rsy — Ryt = (Vu — ¥s)(X¢ — Xy). Does not
depend on .

Set (6)st = It — Is, (QR)syt = Rst — Rsy — Rut. These operators satisfy
Q68 =0 and ker Q = im & (exercise).
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« lp =0and
* (8D)st = ys(6x)st + o(|t — s|)

is equivalent to that of R such that

* (QR)syt = (6Y)su(6x)yt and
* Rst = o(|t — s|).

Gubinelli calls I the integral, Ast = ys(x; — Xs) the germ, R the remainder.
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Theorem (Gubinelli, 2004)

Given a germ A such that |(QA)sut| < |u — s|®|t — ul? for a + B > 1, there
exists a remainder R such that QR = QA and |Rs| < |t — s|%*A.

Advantage: A does not have to be of the form ys(6x)s:. Gives a generalised
integral since Q(A — R) = 0 implies the existence of I such that 6/ = A—R.

Disadvatange: does not solve the problem for low regularity. If x € C* for
a < % then Ast = ys(6x)s¢ satisfies only [(QA)sut| < |u —s|¥|t — ul®.



BEYOND YOUNG: ROUGH PATHS

If x € C* for o > 1 and du; = f(u;) dx; for f € C* (say), Taylor expansion
gives

t
(Su)st = f(us)(8x)st + f(us)f'(us) / (6xX)sr dx, + o(|t = s])



BEYOND YOUNG: ROUGH PATHS

If x € C* for o > 1 and du; = f(u;) dx; for f € C* (say), Taylor expansion

gives

t
(Su)st = f(us)(8x)st + f(us)f'(us) / (6xX)sr dx, + o(|t = s])

The function Xt = [/ (6X)sr dx; satisfies (QX)sut = (6X)su(6X)ue and
Xstl S It = sf?e.



BEYOND YOUNG: ROUGH PATHS

If x € C* for o > 1 and du; = f(u;) dx; for f € C* (say), Taylor expansion

gives

t
(Su)st = f(us)(8x)st + f(us)f'(us) / (6xX)sr dx, + o(|t = s])

The function Xt = [/ (6X)sr dx; satisfies (QX)sut = (6X)su(6X)ue and
Xsel S It s
Definition
Given a € (%, %] and x € C%, we call a pair (6x, X) a rough path over x if

(QX)sut = (6X)su(6X)ut and [Xse| S [t = s[**.
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If x € C* the germ Ag; = ys(6X)st + ¥ Xst satisfies the hypothesis of the
Sewing Lemma for suitable (y, y’), called controlled paths.

Existence? We can set X = %(xt — Xs). This is a natural choice since
/St(éx)s, dx, = 3(x; — xs)* if > 1 (integration by parts).

Relation with generalised Taylor expansions.

Not the only possible choice: for any such X we can set X’ = X + §h for
h e €%*. All rough paths are of this form.

The equation is recast as (6u)st = f(us)(6X)st + f(us)f "(us)Xst + o(|t — 5])
forany a € (% %] This is called a Rough differential equation.
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Let B a standard Brownian Motion in R. Forall o < % sample paths belong

11
a.s.toC“.Weﬁxae[§,i.

Set Xst = 3(B; — Bs)?. We have |Xg| < [t —s|**.

For every controlled couple (y,y’) there is a unique | € C* satisfying the
previous estimates. If the Stratonovich integral /O ys o dBs is well defined,

itis equalto .
Set X[, = 3[(Bt — Bs)? — (t — 5)]. Again, forall a < 3, [X[| < [t —s[**.

For every controlled couple (y,y’) there exists a unique I’ € C* satisfying
the same estimates. If the It6 integral fo ys dBs is well defined, it is equal
to /.
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MORE DIMENSIONS

It is interesting to extend the previous setting to functions x : [0,1] — RY.

Definition
Letor € (3, 3] and x € C*. We call (6x', XV : 1 < i,j < d) a rough path if
(QXT)sy = (8x1)5u(8x)ue and |X" | < |t = s forall1 < i,j < d

Again based on the Taylor expansion
. d . d n t .

(8u)st = D fius)(6X st + D" " foi(uis) rfi(uis) / (8x)sr dxf + (]t = s).
— S}

j=1 Js €=

-
-
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EXISTENCE

In this case the situation is far more complicated and interesting since
there is no canonical choice for the “off-diagonal” terms of X.

The algebraic constraint is easy, just set th = —xg x{ - xﬁ). Does not
satisfy the analytic constraint [XJ| < |t — s[>,

Therefore, the existence of rough paths over a given path x : [0,1] — R?

is not obvious.
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ANOTHER EXAMPLE: d-DIMENSIONAL BROWNIAN MOTION

Suppose that x = (B, ..., B%) is a d-dimensional standard Brownian
Motion and fix a € [3, 7).

Set th = /St(BL —Bl)odB,. Forall a < 1,as. |th| < |t —s** (not
obvious).

The same holds for Itd setting (X’)Zt = fst(B’;, - Bl)dB,.

In this case the off-diagonal terms are defined using stochastic calculus.
Since (QXY)sy < |u - s|%|t — u]* we cannot use the Sewing map to find
them.
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THE PROBLEM

Given a € (%, %] and x € C*(RY), is there a canonical way to construct a

rough path over x?

Young's integral satisfies integration by parts. So when a > % the function
X also satisfies the shuffle relation X2, + X%, = (6x1)5t(6x))st.

Definition

A geometric rough path satisfies the shuffle relation.
The It6 rough path is not geometric.
This fixes the symmetric part Sgt = %(th i th) = 1(6x)5t(6X))st. Also

(@5t = 5 ((BX)su(B¥t + (¥ (5t

The problem is to find the antisymmetric part A¥ such that

(A )yt = 3((6x)su(83)ut — (6X)ou(8X e -
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CONSTRUCTING ROUGH PATHS IN HIGH REGULARITY

Theorem (Lyons-Victoir, 2007)

Given an a-Hélder path x : [0,1] — RY, for every & > 0 there is a
geometric rough path of regularity a — & over x.

The construction is explicit in the case d = 2, a € [3, J).

Harder if o < % since we have to construct not only a 2-tensor (matrix),

but also higher lever tensors (Taylor expansion). Algebraic constraints are
not as simple as antisymmetry for higher levels.
Theorem (T.-Zambotti, 2018+)

The geometric rough path given by the Lyons-Victoir theorem can be
explicitly constructed via iteration.
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In a previous slide we had
- 1 . . . .
(QAY )5yt = E((ax,)su(axl)ut — (6X)su(8X")ut),
that is
1
(QA)syt = 5((5X)su ® (6X)ut = (6X)ut ® (6X)su)
where x ® y is the matrix (2-tensor) (x ® y)¥ = x'yJ, i. e. x ® y = xy*.

The pair (6x, A) takes values in g2(R%) = R? @ 80(d). Lie algebra with
bracket [x + A,y +B] =x®y -y ® X 50 (QA)sut = 3[(6X)su, (6X)ut]-

For Brownian motion, A”, = %fst[(BL -Bl)dB, - (B, -Bl)dBi | a.s.

' st T
satisfies the above. Relation to construction of the Lévy area process.
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GENERAL REGULARITY

For Brownian motion exp((6x)st + Ast) = 1+ (6x)st + Xt With

XU = [[(6B/)su o dB).

In general rough path definition gives

1+ (X)su + Xsu)(M+ (EX)ue + Xyt) = T+ (6X)st + Xt and 1+ (6xX)gt + Xt = 1.
Definition

A geometric rough path is a path g : [0,1]> — GN(R?) such that gs = 1,
gsugut = gst and |mr(gst)| S It = s|**.

The “cutoff” level N = [a~"] comes from the Sewing Lemma.
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THE BAKER-CAMPBELL-HAUSDORFF FORMULA

The product in G"(RY) = exp(g"(RY)) is described in terms of g"(R9) by
the

Theorem (Baker-Campbell-Hausdorff, 1906)

Let X,Y € gN(RY). Then there is a Z € g"(RY), depending on X and Y,
such that exp(X) exp(Y) = exp(2).

The first terms are (Dynkin, 1947)
1 1 1 1
Z=X+Y+ E[X’ Y]+ E[X’ X, Y]] - E[Y, X, Y]] - ﬂ[Y, X, [X, Y]]
1 1
+ %[Ya [Yr [ys [Xa Y]]]] + %[X, [X» [X» [X’ Y]]]] +oe
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The idea is to iteratively construct the level n tensors up to N = [a~].

Since ¢'(RY) = G'(R?) = RY we can set g}, = 1+ (6X)s:. This is a “level 1
geometric rough path.

Look for A € 3o(d) such that gg) = exp((6x)st + Ast) satisfies Chen’s rule
and the analytical constraint.

This is equivalent to (QA)syt = %[(6x)su, (86x)yt] by the BCH formula.

To construct A, define it first on the dyadics making some choices. A
Kolmogorov style argument extends A to [0, 1] with the required
regularity.

Needs a notion of metric on G2(RY).



(3)

Iterate: look for a 3-tensor B such that g,

= exp((6xX)st + Ast + Bst)
satisfies the definition.
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satisfies the definition.

The BCH formula and Chen'’s rule give
1 1 1
(2B)sut = E[(SX)SUsAUI] + E[Asw (6X)ut] + E[(éx)su, [(6X)su» (6X)ut]]

_ %[(&)ut, [(6X)su (6X)ut]].
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Iterate: look for a 3-tensor B such that gg) = exp((6x)st + Ast + Bst)
satisfies the definition.

The BCH formula and Chen'’s rule give

(@B)sut = 516X Aurl + 3 s, (5300l + (6t (B0, (B30t

- %[(&)ut, [(6X)su, (5X)ue]].

Define B on the dyadics keeping this identity and extend as before.

Continue up to level N = [a~']. The construction ensures at each step
that g e G"(RY) satisfies the definition.
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MAIN DIFFICULTIES FOR THE PROOF

+ Need an explicit expression for all the terms in the BCH expansion. A
simple enough combinatorial formula was proven by C. Reutenauer
in 1986.

« From that expresion, we need to prove the required estimates in

order to use an analytical lemma in Lyons-Victoir.
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PERSPECTIVES

« Construction of branched rough paths.
« Renormalisation. Wong-Zakai-type theorems.

+ Paths of different Holder exponents v'.



References

P. K. Friz and M. Hairer. A Course on Rough Paths. With an introduction to regularity
structures. 1st ed. Universitext April. Springer International Publishing, 2014. 262 pp.
ISBN: 978-3-319-08331-5.

P. K. Friz and N. Victoir. Multidimensional Stochastic Processes as Rough Paths.
Theory and Applications. Cambridge Studies in Advanced Mathematics 120.
Cambridge: Cambridge University Press, 2010. ISBN: 9780521876070.

M. Gubinelli. “Controlling Rough Paths”. In: Journal of Functional Analysis 2161 (June
2004), pp. 86-140. arXiv: math/0306433 [math.PR].

M. Gubinelli. “Ramification of rough paths”. In: Journal of Differential Equations
248.4 (Feb. 2010), pp. 693-721. ISSN: 00220396. arXiv: math/0610300 [math.CA].

M. Hairer and D. Kelly. “Geometric versus non-geometric rough paths”. In:
Inventiones mathematicae 198.2 (Oct. 2012), pp. 269-504. arXiv: 1210.6294
[math.PR].



http://arxiv.org/abs/math/0306433
http://arxiv.org/abs/math/0610300
http://arxiv.org/abs/1210.6294
http://arxiv.org/abs/1210.6294

T. Lyons. “Differential equations driven by rough signals”. In: Revista Matematica
Iberoamericana 14 (1998), pp. 215-310. 1SSN: 0213-2230.

T. Lyons. “On the non-existence of path integrals”. In: Proceedings of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences 4321885 (1991),
pp. 281-290. ISSN: 0962-8444.

T. Lyons and N. Victoir. “An extension theorem to rough paths”. In: Annales de
l'Institut Henri Poincare (C) Non Linear Analysis 24.5 (Sept. 2007), pp. 835-847. ISSN:
02941449.

C. Reutenauer. “Theorem of Poincare-Birkhoff-Witt, logarithm and symmetric group
representations of degrees equal to stirling numbers.”. In: Combinatoire
enumérative. Ed. by G. Labelle and P. Leroux. Vol. 1234. Lecture Notes in Mathematics.
Springer, Berlin, Heidelberg, 1986. 1ISBN: 978-3-540-47402-9.



Thanks for your attention



	References

