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1la. Absorbed processes

Let (X¢)ie[0,400[ €vOlving £ U {0}, where 0 ¢ E is absorbing.
Denoting by 79 = inf{¢t > 0, X; = 9} the hitting time of 0,

X; = 0, Vt > 75 almost surely.

A class of examples : Stochastic population models
- sub-critical Galton-Watson processes,
- birth and death processes,
- stochastic Lotka-Volterra system of SDEs,
- Wright-Fisher process on [0,1].



1b. Quasi-stationary distributions

In most interesting cases,
Py (Xt € ) —— 0, Vap € E U {0}.
t—o0

Question : What about the distribution of the process conditioned
not to be absorbed, namely P, (X; € - | t < 7p) 7
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1b. Quasi-stationary distributions

A quasi-stationary distribution (QSD) is a probability measure «
on FE such that

= lim P, (X; € |t
a= lim P, (X, €|t <7p)
for some initial distribution y on E.

Proposition

A probability measure « is a QSD if and only if, for any ¢ > 0,

a=P.(X; € .|t <T9).

— Surveys and book
m Méléard, V. 2012, Van Doorn, Pollett 2013
m Collet, Martinez, San Martin 2013



1b. QSDs : an elementary example

Let Y be a process evolving in E (without absorption) and 7 an
independent exponential clock. One sets

X, — Ytift.<7',
0¢ Eift>r.

— The law of X conditioned on non-absorption and the law of
Y are the same.

— Hence, the QSDs of X are the stationary distributions of Y.




1b. QSDs : BM on E =]0,1[, 9 = {0,1}

— a(dz) = msin(mz)dz is the unique QSD
— for any probability measure p sur E,

a= tlggoIP’u(Xt €t <).

m 1d SDE's : Hening & Kolb 2016 for a nearly complete
treatment of the existence/uniqueness problem.



2. Basic properties
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2a. Exponential absorption time

If « is a QSD, then 3\g > 0 such that

P (t < 75) = et and E,(€7) < 400, V8 € [0,)0].

— Partial counterparts

m Ferrari, Kesten, Martinez, Picco (1995)
m Bourget, Chaumont and Sapoukhina (2013)

— Galton-Watson process :

m Critical case : E;(79) = oo for all z € N = no QSD.
m Sub-critical case : Yaglom (1947), Athreya, Ney (1972)
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2b. Absorption time and position are independent

Proposition
If o is a QSD, then the absorption time and the absorption
position are independent under P,,.
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2b. Absorption time and position are independent

Proposition

If o is a QSD, then the absorption time and the absorption
position are independent under P,,.

Proof : Forall f : E - Ry and t > 0,
Eq (f(XTa—)1t<7'3) =E, (f(Xra—) ‘ i< 76) Pa(t < 7_6)'

But f(X;,—) = f(Xr,—) 0 6y, hence

Eo (f(Xry-) [ £ < 7o) = Ea [Ex, (f(Xrp-)) [ T < 7]
= Eao (f (X7,-)) -
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2c. Absorption rate admits a limit

If ovis @ QSD such that o = limy oo Py (X; € - | t < 79), then

absorbtion rate(t) % Pg(ra €t,t + 1|79 > t) —— e,

t—00
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2c. Absorption rate admits a limit

If ovis @ QSD such that o = limy oo Py (X; € - | t < 79), then

absorbtion rate(t) % Pg(ra €t,t + 1|79 > t) —— e,
t—r00

Brownian motion on E =]0,1] absorbed at 9 = {0,1}.

s
taux d'absorption
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2c. Absorption rate admits a limit

If ovis @ QSD such that o = limy oo Py (X; € - | t < 79), then

absorbtion rate(t) % Pg(ra €t,t + 1|79 > t) —— e,

t—00

Slowing of Mortality Rates at Older Ages In Large Medfly Cohorts (1992)

Carey et al.
F [Expt. 1 (cups) Expt. 2 (cells) | [Expt. 3 (cages)
0.1 A e Iﬂmnﬁ !
2z A Ve EHWW
s oot
b
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See also Steinsaltz & Wachter 2006
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3. Uniqueness of QSDs and exponential convergence
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Définition
Let o be a QSD. The domain of attraction of « is the set of initial
distributions g such that

tlggoIPu(Xt €.jt<m) =
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distributions p such that

tlggoIPu(Xt €.jt<m) =

In the general case :
m Existence of a QSD is not true
m Existence does not imply uniqueness of a QSD
m Uniqueness does not imply attraction of all initial
distributions
m Attraction of all initial distributions does not imply uniform
convergence

15/28



Définition
Let o be a QSD. The domain of attraction of « is the set of initial
distributions p such that

tlggoIPu(Xt €.jt<m) =

In the general case :
m Existence of a QSD is not true
m Existence does not imply uniqueness of a QSD

m Uniqueness does not imply attraction of all initial
distributions

m Attraction of all initial distributions does not imply uniform
convergence

Question : how to guarantee the above properties ?

15/28



Let X evolving in £ U {0} absorbed at 0.

— Assumption Al (Doeblin condition)

— Assumption A2 (Harnack inequality)

Theorem (Champagnat, V. 2016)

Al and A2 < there exists C' > 0, v > 0 and oo € M;(E) such
that, for all 4 € M (F),

IPu(X; € |t < 79) — atfl gy, < Ce .
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Let X evolving in £ U {0} absorbed at 0.

— Assumption Al (Doeblin condition)
There exists a probability measure v and ¢; > 0 such that

P, (X1 €-|1<T9) > cv(-), Vo € E.

— Assumption A2 (Harnack inequality)

Py<t < Ta)

SV ST 50,z € Bt > 0.
Pt <71o) 2 v

Theorem (Champagnat, V. 2016)

Al and A2 < there exists C' > 0, v > 0 and oo € M;(E) such
that, for all 4 € M (F),

IPu(X; € |t < 79) — atfl gy, < Ce .

One can choose Ce™ " = (1 — ¢yep)H.
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Comments and other examples...

m In the above theorem

- Al and A2 = exponential convergence is easy to prove.

- checking Al and A2 in practice is difficult,

- however, because of the reverse implication, checking Al and
A2 is a reasonable probabilistic way to prove the uniform
exponential convergence.
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- general one dimensional diffusion processes
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- multi-dimensional birth and death processes
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m In the above theorem

- Al and A2 = exponential convergence is easy to prove.

- checking Al and A2 in practice is difficult,

- however, because of the reverse implication, checking Al and
A2 is a reasonable probabilistic way to prove the uniform
exponential convergence.

m We used this procedure in several situations

- general one dimensional diffusion processes

- multi-dimensional diffusion processes

- birth and death processes with catastrophes

- multi-dimensional birth and death processes

- branching/dying Brownian motions

- time-inhomogeneous diffusion and birth and death processes

m The uniform convergence is a feature but also a limitation...
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4. The multi-dimensional diffusion case
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Framework

We consider a diffusion process X evolving in an open domain
D c R? and absorbed at the boundary 9D, solution to the SDE

dXt = O'(Xt)dBt + b(Xt)dt, Xo € D,

where o and b are sufficiently regular.
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Framework

We consider a diffusion process X evolving in an open domain
D c R? and absorbed at the boundary 9D, solution to the SDE

dXt = O'(Xt)dBt + b(Xt)dt, XO € D,

where o and b are sufficiently regular.

Existing tools to prove existence, uniqueness, convergence.
m Spectral theory tools

m Pinsky 1985. Sufficient spectral conditions

m Cattiaux, Méléard 2010. Auto-adjoint operator

m Knobloch, Partzsch 2010. Two sided estimates + spectral
conditions (included in Birkhoff 1957)

m Probabilistic tools (using Al and A2)

m Del Moral, V 2016. Bounded domain with enough regularity
m Champagnat, Coulibaly, V. 2016 Two sided estimates or
regularity of the domain
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Result with D bounded)

We consider a diffusion process X evolving in an open domain
D c R? and absorbed at the boundary 9D, solution to the SDE

dX; = O'(Xt)dBt + b(Xt)dt, Xy e D,

where o and b are sufficiently regular.
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Result with D bounded)

We consider a diffusion process X evolving in an open domain
D c R? and absorbed at the boundary 9D, solution to the SDE

dX; = O'(Xt)dBt + b(Xt)dt, Xy e D,

where o and b are sufficiently regular.

Theorem (Champagnat, Coulibaly, V. 2016)

If D is bounded with C? boundary and if o and b are Lipschitz,
then Al and A2 holds true.

If D is bounded with C'"! boundary and if ¢ and b are C!, then
Al and A2 holds true.
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Al & A2 in the multi-dimensional diffusion case

How do we prove Al and A2 in this situation ?

D
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Al & A2 in the multi-dimensional diffusion case

How do we prove Al and A2 in this situation ?

D

\_/' 0
Necessary condition : P, (7 < 1) > ¢Py(1 < 75) (difficult).
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Al & A2 in the multi-dimensional diffusion case

Ideas of the proof

m If the boundary of D is C?, then simply apply the It5's
formula to d(X;,0D). This and Lipschitz regularity of the
coefficients allow to conclude (rather indirectly).
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Al & A2 in the multi-dimensional diffusion case

Ideas of the proof

m If the boundary of D is C?, then simply apply the It5's
formula to d(X;,0D). This and Lipschitz regularity of the
coefficients allow to conclude (rather indirectly).

m Otherwise, you can use so-called two sided estimates : there
exists a probability measure v on D such that

f@)v() <Py(Xi€:)<cf(x)v(:), Ve e D.

These are known to hold for many processes, with sufficient
regularity of the diffusion coefficient (typically C'') and of the
boundary of dD (typically C1:1).

— simplify Knobloch Partzsch 2010,

— do not use Birkhoff 1957
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5. Other benefits coming with Al and A2
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()-processus

We are looking now at the behavior of the process a long time
before extinction
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()-processus

We are looking now at the behavior of the process a long time
before extinction

Question : P, (X; € -|T < 719) when T — 4+007?
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Definition of the ()-process
When it exists, the ()-process Y is the process with law Q defined,
forallz € E and t > 0, by

Qs ((Yu)ue[o,t} € ) = lim P, ((Xu)ue[o,t] € | T < Ta) .

T—oo

This is a Markov process without absorption.
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When it exists, the ()-process Y is the process with law Q defined,
forallz € E and t > 0, by

Qs ((Yu)ue[(),t} € ) = Ylgnoopz ((Xu)ue[O,t] € ‘ T< TB) .

This is a Markov process without absorption.

Theorem (Champagnat, V. 2016)

Assume that X satisfies A1 and A2. Then the @Q-process Y is well
defined and is exponentially ergodic :

1Qu(Ys € ) = BON 7y < 201 = cxea) N |u = Bl 7v,

where B(f) := a(nf), ¥f and some function 7.
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Definition of the ()-process

When it exists, the ()-process Y is the process with law Q defined,
forallz € E and t > 0, by

Qs ((Yu)ue[(),t} € ) = Ylgnoopz ((Xu)ue[O,t] € ‘ T< TB) .

This is a Markov process without absorption.

Theorem (Champagnat, V. 2016)

Assume that X satisfies A1 and A2. Then the @Q-process Y is well
defined and is exponentially ergodic :

1Qu(Ys € ) = BON 7y < 201 = cxea) N |u = Bl 7v,
where B(f) := a(nf), ¥f and some function 7.

This is a penalization problem (Roynette, Valois and Yor 2005).
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Quantification of the convergence toward the ()-process

Theorem (Champagnat, V. 2016)

Assume that X satisfies A1 and A2. Then there exists a positive
constant C such that, forallz € F, all 0 <t < T,

HQCE uGOt} S ) - PI((XU«>UE[O,t] € ‘ T< TB)HTV
<C e~ WT—1)

26
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Quantification of the convergence toward the ()-process

Theorem (Champagnat, V. 2016)

Assume that X satisfies A1 and A2. Then there exists a positive
constant C such that, forallz € F, all 0 <t < T,

HQCE uEOt} S ) - PI((XU«>UE[O,t] € ‘ T< Ta)HTV
<C e~ WT—1)

Reciprocally, if the @Q-process is well defined, exponentially ergodic

and if

Slelg HQJJ )UG[O t] € ) - ]P)z((Xu)ue[O,t] S ‘ T< T@)HTV
—— 0,
T—~+o0

then Al and A2 holds true.
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Conditional ergodic theorems

Corollary

Assume that X satisfies A1 and A2. Then there exists a positive
constant C' such that, for all 7" > 0 and all bounded measurable
functions f : E — R,

T
. (7 [ 1@ 7<) - p0n| < Hil=,

where (3 is the unique stationary distribution of the ()-process.
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THE END
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