Solving the recombination equation J

Ellen Baake

Bielefeld University
joint work with Michael Baake

1. Recombination
2. Deterministic dynamics forward in time

3. Stochastic partitioning process backward in time

PROBABILISTIC STRUCTURES
IN EVOLUTION
] DFG SPP 1590 Universitat Bielefeld

Ellen Baake Recombination




Recombination
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major source of genetic variability in populations

dynamics of genetic composition of germ cell pool
(deterministic limit) ??
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Sequences, types, populations

individual: sequence of nsites S = {1,...,n}

letter at site i1 x; € X; (finite), 1 < i< n

types: X=Xy, %,) €EXy X oo x Xy =2 X
marginal types:  x, == (X;);c;, @#1CS

population: p= (p(x))xex probability measure on X

p(x) = 0 proportion of individuals of type x € X

> op(x) =1

xeX
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Recombining sequences

crossovers between sites i and i 4+ 1, and between j > i and j + 1

X1y X2y -+« 5 Xn Y1a}’2;---7)/n

.

|X1,»«~,X/,y,'+1,.--,yj,Xj+1,...,Xn|

offspring copies from (randomly chosen) ordered pair of parents
and replaces a randomly chosen individual in the population

Ellen Baake Recombination



Recombining sequences

crossovers between sites i and i 4+ 1, and between j > i and j + 1

|x1,...,x. ey K X 1s e e Xn

|*,...,*,xi+1,...,><j,>k,...

17
X1, X2y« 3 Xn

offspring copies from (randomly chosen) ordered pair of parents
and replaces a randomly chosen individual in the population
‘x at site I = X
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Partitions

@ reco event defines a partition A of S into at most two parts
exoc A={{1,...,ij+1,....n},{i+1,...,j}}

o A ={S} = 1: offspring copies first parent

o A= {Al,Az}, Al,A2

@ 9(A) rate of recombination according to A, A € ,(S)

~> recombination equation:

pe(x) = Z o(A) [pt(XA17*) pt(*7XA2) _Pt(X)]7 x e X.
AeR(S)

formidable!
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Partitions

@ P(S): set of all partitions of S
@ < partial order (refinement)

Example: n =3

{{123}}
Y ~
{{12}{3}} {{13}{2}} {{1}{23}}
< Y »
{H{13{2}{3}}
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History

@ first study of recombination dynamics:
Jennings 1917, Robbins 1918

@ iterative procedure to determine solution:
Geiringer 1944, Bennett 1954

@ genetic algebras: ..... , Lyubich 1992

@ Haldane linearisation: McHale and Ringwood, 1983
(transforms nonlinear dynamics into linear one in
higher-dimensional space by adding multilinear
transforms of p,)

Aim: Do it right....
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Recombinators

@ canonical projection: for & # 1 C S,
e X = XiaXi =X, m(x) = (Xi)ie/ =X

@ marginal measure wrt sites in /: for v € P(X),

™.V = yowfl =%

type distribution of sites in /
for x, € X; 1 v(x)) = v(x,*)
@ recombinator: for A = {A1,...,An} € P(S),
P(X) — P(X)
Ruv) =vMe.. . .ov
(Ra(¥)) (x) = v(xa,, %) - .- (¥, Xa,)

distribution of sequences randomly pieced together according

to A

An
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Recombinators

Rup):=pM .. .@pt for A={{1,3},{2,4},{5}}:

X1s %, X3, % *, Xo, %, Xg,% *, ok, K, %, Xg

L ¢ J

| X1, X2, X3, X4, Xs |

(generalised) recombination equation:

Py = Z Q(A)(RA_R)(Pt)a

AER,(S)

existence and uniqueness of solution, and forward invariance of
P(X), via standard methods
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Factorisation property of recombinators

for g #£UCS, AeP(U), vYe P(Xy):

marginal recombinator:  RY(vV) defined as before,
with S replaced by U

Lemma
S=UU0V,AeP(U), BeP(V), veP(X)~~

Ruus(v) = R{(vY) @ R (v").
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Marginalisation property of recombinators

Lemma
AeP(S), 3#AUCS, ve P(X)~

WU.(Rj(I/)) = R}lj‘u(ﬂu.u).

Ri ——

— .

Ty i l Ty
Y RU S
——r A o —
[N S EE m— R m—
Y |
U U

Al restriction of A to U
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Marginalisation consistency of recombination equation

Proposition
@ # U CS, p, solution of recombination equation with
Py € P(X) ~ (pY)i=0 on X solves

d
=P = D A RI-1)K)
AER,(U)

with pY = m.p, and marginalised rates

BEP(S)
Bl,=A

—_ = AeP(U)

g } {BeP(S): Bly=A
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Solving the recombination equation

B={By,...,B,}, p; solution of recombination equation ~~
d . d g B;
4 Fs(pe) Z(Epf’)®®pﬁ
i=1 i
- Z )o@ e
i=1 73> JuFEi
= Z Rs\8)ue; — Re)(P:)

i=1 667322(5)

= ZQBC(RC RB Pt) ZQBCRC P:)

c<B csB

= > QueRelpy)

CeP(S)
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Solving the recombination equation

Theorem

p; solution of recombination equation with p, € P(X),

and B e

P(S) ~
d

2 Felpe) = > QseRe(py),

ceP(s)

with Markov generator Q = (Qpc)cep(s)

QBC =

(05i(b)),

|B]

-2 X dBi(o),

i=1 b,’E%Q(B,’)

0,

if C = (B\ B;)Ub; for some
b; € R»(B;) and exactly one i,

ifC =08,

otherwise.
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Solution of the recombination equation

column vector 0 = (wt(B))BGP(S) with ¢, (B) := Ryz(p;)

~> linear system: ¢, = Qu,

solution: o = etQy,

first component:  p, = (1) = Z (eto)lA RA(pg)
AEP(S)

Theorem

The recombination equation has the solution

pe =Y a(A)Ralpo)

AeP(S)

with a,(A) == (et?); 4.

Interpretation??
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Partitioning process

(0Bi(b)), if C=(B\ B;)Ub; for some
b; € R,(B;) and exactly one i,
Qe = Sl

_Z Z QBi(bi)7 if C =B,

i=1 bi€%2(Bl‘)

L0, otherwise.

Q generates partitioning process {X;},-¢:
@ Markov chain in continuous time with state space P(S)

@ progressive refinement: if X, = B, replace part B; of B by
bj € R,(B;) at rate 0B (b;);
for 1 < i < |B|, independently of all other parts
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Partitioning process

Q generates { X}, ¢:
o= {{1,4}.{2.3},{5}}

t \%
[ — Yy ={{1,2,3,4,5}}
semigroup:
(¢9) e = P(Ze=C| 5 = B)
in particular:

a,(A) = ('), = P(Z, =A| X, =1)
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Partitioning and recombination

X1, X253 Xn

recombination forward in time = splitting up backward in time
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Partitioning and recombination

e={{1.4},{2,3}.{5}}

= Yy ={{1,2,3,4,5}}

{X+}+>0 describes partitioning of genetic material of an individual
backward in time

@ present individual: g = {S} =1
@ at time t before the present: ¥y = B = {Bi,...Bn}
each B; corresponds to parent that contributed sites in B;
@ Bj-individual splits up into b; at rate 0%i(b;), b; € R,(B;),
independently for all /
@ ~ transition from B to C < B at rate Qg !
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Duality

Construction of type in present population:

T ={{1,4},{2,3}.{5}}

o e s e | 20: {{1,2,3,4,5}}

O run {¥:}+>0 (untyped, backward)
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Duality

Construction of type in present population:

X1 % %k Xg * w *XE2X3 * K Et == {{174}a{273}5 {5}}
xﬁ/g
t — \\F/J
s s | 20 = {{1’2’3’4’5}}

O run {¥:}+>0 (untyped, backward)

© assign colours (parents) and letters (types)
If ¥y = A={A1,...,An}: draw letters at sites in A; from
pé/, independently for 1 < 7 < m ~ type distribution R ,(p,)
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Duality
Construction of type in present population:

X1 * % Xgq % M iXQ_Xfﬁ Et:{{174}’{2’3}’{5}}
xﬁ/g

X1 * * X4 Xg * XoX3 * >k
- — —— ——

\/4

SRR Al 5o ={{1,2,3,4,5}}

O run {X;:}+>0 (untyped, backward)
© assign colours (parents) and letters (types)

If ¥ = A={A1,...,An}: draw letters at sites in A; from
pg"', independently for 1 <7 < m ~ type distribution R ,(py)

© propagate colours and letters forward in time
~ type distribution R 4(py)
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Duality
Construction of type in present population:

X1 * % Xgq % w iX2_X‘32 Et: {{174}?{273}a{5}}
xr/J

X1 ¥ * X4 X5 % XpX3 * *
2X3
L T —

\r/

X1 X2X3X4X5
—_—

Yy ={{1,2,3,4,5}}

pe= Y P(Z =A|Z=1) Ru(po) = E(Rn(po))
AeP(S) 2, (A)

stochastic representation of deterministic solution
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Applications and connections

@ recursive evaluation of @ (Q triangular !)
(with M. Salamat, E. Shamsara, 2016)

@ closed formula for single crossovers (E.&M.B. 2003)

@ analogous solution for discrete-time system

Pty1 = Z r(A) Ralpe) ~ pr = Z a;(A) R4(po)
AeP(S) A€EP(S)
(E.&M.B. 2016, S. Martinez 2016a, 2016b)

@ tree representation for solution for single crossovers in discrete
time (with U. von Wangenheim, 2014, and M. Esser, work in
progress)

o a different tree representation for general partitions in discrete
time, and quasistationary distribution (S. Martinez 2016a,
2016b)
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Job ad

1 postdoc and 1 PhD position available at Bielefeld early next year
@ to work on recombination and/or mutation & selection
@ with Fernando Cordero and/or Ellen & Michael Baake

interested? contact us !
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