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We consider a continuous time process (b.d.p.) (N;) on N with

transition rates

IP(Nt—‘rdt =n+1 ‘ Nt = n) :>\n dt s
[P(Nf-‘rdt =n-1 ‘ Nt = n) =n dt s
lP(Nt—i-dt =n ‘ Nt = n) =1-— ()\n + Mn) dt .

N; is the size of the population at time t, A, is the birth rate in a

population of size n and p, the death rate (in a population of size

n).



We will assume Ag = 0 (no spontaneous generation) and g = 0,
hence the state n = 0 is invariant.
We will assume

An

lim — =0,
n*}OO/an

and A\, > 0 and p, > 0 for all n > 0.
Let Ty be the extinction time, namely the time the process reaches
n = 0 (afterwards it stays there). From the above assumption it

follows that for any n >0

Pn(To<o0) =1.



A measure v on N* is a Yaglom limit if for any n > 0 and any set

A C N* we have
lim Po(Ne € A| To > t) = v(A).

A measure v on IN* is a quasi stationary distribution (q.s.d. ) if for

any t > 0 and any set A C N* we have
P,(Ne € A| To > t) = v(A) .

For b.d.p., if v is a g.s.d. there exists pg > 0 such that for any
t>0
[PV(TO > t) =e Pt

A necessary and sufficient condition for the existence of a (unique)

g.s.d. is known for b.d.p.processes in terms of the sequences ()

and (un).



Carrying capacity.

We will assume that A, and p, have the functional forms
A =nA(n/K) = KB(n/K),

pin = np(n/K) = KD(n/K) ,

where K will be a large number. K is called the carrying capacity
and gives the scale of the population size that can be sustained
by the input food rate.

For a given (large) K the process will be denoted by NX.



We consider the case where A\, >> p,, for small n (with respect to
K) and A\, << pup, for large n (with respect to K).

If the population is small there is a lot of food available and the
population grows (except for stochastic fluctuations).

If the population is large, there is a lot of competition, not enough
food for everybody and the population decays.

We want to investigate the “equilibrium”.



It is convenient to state the hypotheses on the functions B and D
(on R™) which do not depend on K (A, = K B(n/K),
pun = K D(n/K)). We will assume

B(0) = D(0) =0 (Ao = po = 0)

B and D are regular

im D(x) = 0o, lim 2X)

X—00 X—00 D(x)

B'(0) > D'(0) > 0.

=0

The function B — D has a unique strictly positive zero x, with
B'(x:) — D'(x) < 0 (stable fixed point).

Therefore the o.d.e. % _ B(x) - D(x)
has the stable fixed point x, as a global attractor on RT.
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The process (NK) is supercritical at low population (with respect
to K) because B’(0) > D’(0) but subcritical at large population
because limy_,o B(x)/D(x) = 0.

Theorem

The process (NX/K) converges a.s. to x(t) solution of the o.d.e.
on any finite time interval (provided Né< /K converges to a fixed
quantity).

Under some technical hypothesis the process NtK has a unique
q.s.d. vK.

Let us look at trajectories of the process NX for large K and

different initial conditions.
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However the process will almost surely reach n =0 in a finite time

and stay there forever (extinction).



120 Sketch of a long trajectory

time
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We proved that there is another time scale 1/p;(K) which
describes the time it takes to reach the “q.s.d. regime” and satisfies

1 1
<< for large K

r1(K) po(K)

We need a lower bound on p;(K) and an upper bound on

po(K) > 0 to prove that p1(K) >> po(K).



Theorem

For K large enough we have

po(K) = <a+o <(|0\g/£)3>> VK e PK

and  p1(K) =

with ¢; > 0 independent of K. Moreover

sup dTV(lP,,(NIK c . ‘ To > t) 7 VK) < o e KT
neN *

¢ > 0 independent of K.



We also have results without conditioning.

There exists a sequence

an(K)=1- <E§)/'((00)>"+ 0}((1)

such that for any K large enough, for any n € N* and for any t > 0
drv(Pa(NS € ), an(K) VX + (1 — an(K)) do) < O(1) x

(\/R log K e <K + (1 — e P f) + Ke—2t/4 4 K3/4 gbK o= t/2> 7

where a and b are positive constants independent of K.
In other words, starting from n € N* the system goes rapidly to
extinction with probability 1 — «, or stays for a long time in the

“q.s.d. regime” with probability a,.



The numbers —po(K) and —p1(K) are eigenvalues of the
infinitesimal generator LX of a C% semi-group in the Hilbert space
¢2() with 3 = 1/p1 and for n > 2

/\1"‘)\n—1
M1 .- MUn

TTh =

In this space the operator LX is self-adjoint with a compact
resolvent and spectrum consisting only of simple eigenvalues on
the negative real axis.

The number p1(K) — po(K) is the spectral gap.

The q.s.d. V¥ satisfies
LKTUK = —po(K) <

but here the duality is for the flat £2 space.



Let n, = vX(n).
We conjecture that
1) If 0 < a< 1, and if we denote by T,-Sl), Ta(z), ... the sequence

of successive down crossings of a n, with upcrossing of say

n. (1 + a)/2 in between, then if 0 < b < a for K large
TN > T TP,

2) Moreover when correctly normalized the process T;l), Tf), .
converges in law to a Poisson point process of intensity one

when K tends to infinity.

3) The normalization should be given by a formula analogous to
po(K).



In dimension d > 1 (several species competing for the same food
resources) we have similar but less sharp results.

For the moment we assume mutations at the boundary, i.e. if a
population disappears it can reappear by mutation from another
species (provided there is still some alive). This is related to a

technical problem of proving the descent from infinity.

Theorem
There exists constants a; > 0,..., as > 0 such that for any K

large enough

—a K < (K) < e 2K K)> -3
€ _pO( )—e ) Pl( )_IogK

There exists a unique q.s.d. v, its death rate is po(K), and

sup dT\/([Pﬁ(K/tK c - } To > t) , l/K) < a e—ﬁl(K)t '
rend\{0}



Linear Resilience.

Joint Work with S.Méléard and S.Martinez.
Recall the infinite limit population dynamical system (in 1d)

dx

pri B(x) — D(x) .

The stability of the fixed point x, is given by the quantity
B'(x.) — D'(x:) < 0.

This number is the inverse of the relaxation time to x, starting
from a close initial condition. It is also related to the change of x,
due to a (small) change of the environment (i.e. the functions B
and D). It is the (linear) resilience in the ecological terminology.

Can it be estimated from a population time sample?
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formula, as it should since it is only a scale (except for the
correction term).

One can “measure” the linear resilience by counting and using a
chronometer (and a lot of patience).

This could be used to compare two populations and decide if one is
more resilient than the other, use resilience to build a criteria for
endangered species etc.

In dimension larger than one we need to look at the fluctuations of
the birth rates and of the death rates of the different species and

there is no such simple formula.



The relation between the variance of the fluctuations and the

stability of the deterministic system has been known for a long
time in Physics.

It is called the second Fluctuation Dissipation Theorem or the
Einstein relation.

For the Langevin equation it takes the well known form

dg=vdt,
mdv=—yvdt—U(q)dt+2vkmTdW,

with g the position, v the velocity, v the friction coefficient, U the
potential energy, k the Boltzmann constant, m the mass of the
particle and T the temperature. The invariant measure has the
Gibbs density e # H = =8 (mv?/2+U(a) \ith 3 = k T, and Einstein
relation is also related to equipartition < mv?/2 >= k T /2.



Proofs.

In dimension one we used a matching (WKB) argument to
estimate po(K), namely we guess a good approximation of
(LXu)(n) = —po(K) u(n) for n < K x,.

For n > K x, we use Levinson's Theorem to get the right
asymptotic behavior (with all needed corrections).

The matching condition (at n = [K x.]) of the two approximations
gives an equation for po(K).

For p1(K), we established a Poincare inequality, namely for any

y € £2(m) with finite support we have

o(1)
K 2
=y, L Y)e(r) = <po(K)+ |OgK> Y12y -



Resilience
With n, = vX(n)

VKL (n = n)) = por® ((n = n)?) = po O(1) K ~ 0.
We have
LK (n—n,)> = KB(n/K) (142 (n—n.))+KD(n/K) (1-2 (n—n,))
= K(B(n./K) + D(n./K)) + 2 (B'(n/K) — D'(n./K)) (n— n,)?

+0(1) (]n— ni| +[n— n*|3/K) .

It follows that
K(B(n./K)+D(n,/K))+2 (B'(n./K)—D'(n./K)) v*((n—n.)?)

=0(1) VK. qed



In dimension d > 1 we use a necessary and sufficient condition for
the existence and uniqueness of a q.s.d. together with the
convergence in total variation recently established by
N.Champagnat and D.Villemonais.

They require two conditions.



Condition Al: there exists two positive numbers b; and tg and a
positive probability measure # on N9\ {0} such that for any subset
A of N9\ {0}
inf  Pr(NS €A| To>t) > b1 (A).
Aen 9\ {0}
Note that in general @ is not the g.s.d. , in our case we chose the
uniform distribution of the ball of radius /K centered in K X..

Condition A2: there exists a positive number b, such that

[PQ(TO > t) > by sup |P,-,'(T0 > t) .
ren 9\ {0}



Under these two hypothesis they prove existence and uniqueness of
aq.s.d. X and
sup  dry (P5(NK € -), %) < (1— by by)"".
fien 9\ {0}
We have to prove that for large K the constants b; and by can be

chosen independent of K while
to =0(1) logK .

A simpler proof gives to = O(1) K.

Note that the order of tp (log K) is independent of the dimension
while the prefactor may depend on d.

The proof relies on descent from infinity, onion lemma and lower
bounds on transition probabilities (but the problem is generically
not self adjoint, no Harnack inequality available, no Gaussian

bound known).



Resilience

Using the same idea as in dimension 1 we get
DX(%.) V4V DX(%)!+2KDp =0,
where ®p is the d x d diagonal matrix with
Do(i.J) = Di(%) = Bi(%.) -

and V is the d X d covariance matrix of 7.

This equation implies some constraint on the spectrum of the
matrix D)?(X*) but is not sufficient to determine the largest real
part of this spectrum. We need to extract some other quantities

from the data.



The onion Lemma

A useful estimate for entrance and exit times if a Lyapunov

function ¢ is available (can be generalized to other spaces).

hS)
v
N

a > >d

. ao ao At
A€ Do\ D_1 "( -t 7 DDy ) ay 4



Lemma

Let D_1 G Do & D1 ¢ Dy & NY\{0} , with D, a compact subset.
Assume D,\Dy N D_1 = () . Assume that there exists a positive
function o defined in N9\{0} such that

Let ag = supscpy\p_, o(A) & = infrep,\p, (1) , and
ay = infzep\p_, p(7i) . Then

. 4o a  _A
inf  Px(T, <t, T > T, >1—— — —e .
HGDO\D_l n( D71 — ) D2\D1 Dfl) - 3,2/ agl
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