CHILE LECTURES: MULTIPLICATIVE ERGODIC
THEOREM, FRIENDS AND APPLICATIONS

1. MOTIVATION

Context: (£2,P) a probability space; o: 0 — 2 is a measure-preserving
transformation P(c7'A) = P(A) for all measurable sets A. Generally,
P will be ergodic as well: 07'A = A implies P(A) is 0 or 1. This is an
irreducibility condition.

This is sufficient for the following form of Birkhoff’s theorem (ergodic
theory’s strong law of large numbers):

Theorem 1 (Birkhoff). Let o be an ergodic measure-preserving trans-
formation of (,P). Let f € L'(Q) (in fact f+ € L' suffices). Then
for P-a.e. w,

=

-1

1

Nn f(a"w)—>/f(x) dP(x) as N — oo.

I
=)

The Kingman sub-additive ergodic theorem is an important general-
ization. A sequence of functions, (f,) is sub-additive if f;" € LY(P);
and frim(w) < fr(w) + fin(0"w) for each w.

Theorem 2 (Kingman sub-additive ergodic theorem (1968)). Let o be
an ergodic measure-preserving transformation of (2,P) and let (f,) be

a sub-additive sequence of functions satisfying [ fif dP < oo
Then for P-a.e. w,

Lt (w) — lim l/fk(m) dP(z) as n — oo.
n k—oo k

Example 3 (First Passage Site Percolation). Let © be a probability

space, and consider a family of measure-preserving maps (oy)peze from

Q to Q such that opim = on 0oy Let f: Q2 — (0,00) be a sequence of

weights and define

a=vog—V]i— " —>Vp=

n—1
Ta,b<w) = inf b Z f(O'WW),
1=0

the time of the shortest path from a to b.
1
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Now certainly Ty c(w) < Tap(w) + The(w). We also have T, p(w) =
Tob—a(caw). In particular, for a fixed v € Z%,

TO,(n—l—m)v(w) S TO,nv(w) + TO,mv(Jnvw) - TO,nv (O.)) + TO,mv(O-:;Lw)~

Hence t,,(w) = T nyv(w) is a sub-additive sequence of functions (with
respect to the transformation o,. Hence %Toym,(w) converges to a con-
stant, which we will call 1/s,, for all v € Z% and almost all w € Q.

Sy is the rate at which the water spreads in direction v. You can
also make sense of s, for non-integer v’s by looking at the time to get
to the nearest lattice point to nv. A calculation shows s;, = (1/t)sy,
so it is natural to look at s, for v with ||v|| = 1.

The set S = {av: 2 < sy} is called the shape of the percolation
process.

Corollary 4 (Shape Theorem). For a.e. w, Occi(w)/t — S, where
Occy(w) is the set of sites that are occupied by time t.

oy

Example 5 (Matrix cocycles). Let o, P and  be as above. Let
A: Q — My(R) and write A, for A(w). Then a matrix cocycle is
given by A: N x Q — My(R) by

AW = Ay, Agu A

w

These matrices satisfy the cocycle relation: AT = A 40,

Equipping the matrices with the norm ||A|| = max)g= [|[Az||, it’s

immediate that |[AB|| < [|A|||B||, so the functions w — [|AL”[| as n
runs over N form a sub-multiplicative sequence.
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In particular, f,(w) = log ||A£un) || is a sub-additive sequence of func-
tions

Corollary 6 (Furstenberg-Kesten (1960)). Let o be an ergodic measure-
preserving transformation of (Q,P). Let A: Q — My(R) satisfy [log || Ay dP(w) <

0. Then there is an « such that for P-a.e. w, *log ||A£Jn)|| — a.

For a constant matrix cocycle: A, = M for each w, +log||[M"|| —
log p(M), the spectral radius (equal to the logarithm of absolute value
of the largest eigenvalue).

Llog ||A§Jn)]| — « is equivalent to the statement: for each € > 0, for
all sufficiently large n, e"(@=9 < ||AM|| < e™@+9). We will informally
write ||A™|| ~ e, so that « is the exponential growth rate of the
matrix cocycle.

For a single matrix, and for any v, ||M"v|| grows roughly like a"poly(n),
where a is the absolute value of some eigenvalue. One might hope for a
refinement of Furstenberg-Kesten giving analogues of the other eigen-
values.

Question. What can be said about the matrix A for typical w?

It is helpful to think of the matrix cocycle as a vector bundle map
from Q x RY to itself, 6(w,v) = (0(w), A,v).

Ao

Since different matrices are being applied at each w, there’s no reason
to hope for the same vector space decomposition over each point.
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F1GURE 1. Oseledets subspaces

Theorem 7 (Oseledets Multiplicative Ergodic Theorem (invertible)
(1965)). Let o be an tnvertible ergodic measure-preserving transfor-
mation of (,P). Let A: Q@ — GL4(R) be a cocycle of invertible
matrices with [log||AZ!| dP(w) < co.

Then there exist oo > Ay > Ay > ... > A\ > —o0 and subspaces
Vi(w), ..., Vi(w) satisfying

(1) Decomposition: R =V (w) @ ... D Vi(w);

(2) Equivariance: A,(Vi(w)) = Vi(o(w));
(3) Growth: If v € Vi(w) \ {0}, then *log 1A | = N as n —

Fo0.

This may be thought of as something like a dynamical Jordan normal
form.

The V;(w) are the Oseledets subspaces and the \; are the Lyapunov
exponents.

There is also a non-invertible version.

Theorem 8 (Oseledets Multiplicative Ergodic Theorem (non-invert-
ible)). Let o be an ergodic measure-preserving transformation of (2, P).
Let A: Q@ — My(R) be a cocycle of matrices with [log||A,| dP(w) <
00.

Then there exist oo > Ay > Ay > ... > Ay > —o0 and subspaces
Ur(w), ..., Uk(w) satisfying:

(1) Filtration: R = U, (w) D ... D Ug(w);
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FiGURE 2. A decreasing collection of subspaces U; D
Uy D ---Uy is called a filtration or a flag. A physical
flag has a distinguished 1-dimensional subspace (the di-
rection of the pole) that is a subspace of a distinguished
2-dimensional subspace (the plane of the flag) sitting in
R3.

(2) Equivariance: A,(U;(w)) C Ui(o(w));
(3) Growth: If v € Uj(w) \ Ui1(w), then +log 1A = A,
I sometimes call the U;(w) slow spaces — they are the vectors whose
exponential growth rate is at most \;:
Ui(w) = {v: limsup + log [A®™ | < N}

Notice: just like for a single matrix, the vectors growing at rate A\ or
less form a linear space; the vectors growing at rate A\ or more do not
form a linear space. I may also write V<, (w) for the slow spaces.

Fast spaces also play a role: Vs, (w).

Importantly, | Vs, (w) # {v: limsup & log AT 0| > M)

Rather a fast space can be defined to be the largest equivariant mea-
surable family subspace such that each vector expands at a rate at least

i

1.1. Oseledets theorem motivation. Suppose that €2 is a manifold,
o is an invertible smooth map from (2 to itself and P is a (nice) ergodic
o-invariant measure.

Then the Multiplicative ergodic theorem gives for P-a.e. w, subspaces
of the tangent space, Vj(w),..., Vi(w) each with a different exponent
Aty Mg IE Aq, L0 A are positive, while Ajiq,..., \; are negative,
then the directions E"(w) = Vi(w) @ ... @ V;(w) are unstable directions
at w: perturbations in these directions tend to grow; while F*(w) =
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Visi(w) @ ... & Vi(w) are stable directions. They are also equivariant:
Do(E*(w)) = E*(0(w)) and Do(E*(w)) = E*(o(w)).

If you can ‘integrate’ these subspaces (patch them together), you
obtain stable and unstable manifolds at w for P-a.e. w.

1.2. Non-invertible to invertible I. Notice that the hypotheses for
the non-invertible theorem are satisfied in the invertible case. You can
deduce the invertible theorem from the non-invertible theorem as fol-
lows. Let o be an ergodic invertible measure-preserving transformation;
let (A,) be a cocycle of invertible matrices (with [log||A,| dP < oo
and [log ||[A_Y|| dP < 00).

(1) Form the spaces V<), (w) from the non-invertible version of the
theorem.

(2) Form a new cocycle with base dynamical system o' and gen-
erator B, = A_', . Notice that B = (Ag",)nw)_l. Hence the
exponents of the B cocycle are —X\; > ... > —\q.

Form spaces W<_j,(w) consisting of vectors which when iter-
ated backwards have expansion rate at most —\;. These same
vectors (using equivariance here), when iterated forwards have
expansion rate at least \;, so that W<_j,(w) = Usy, (w).

(3) Finally Vi(w) = U<y, (w) N W<_y,(w).

1

Corollary 9. The slow spaces are determined by the future: V<y,(w)
is determined by (Agnw)n>o0; the fast spaces are determined by the past:
Vo, (w) is determined by (Agne )n<o-

I’ll mention two other ways to obtain the invertible from the non-
invertible case later.

2. TRICKS OF THE TRADE

2.1. Singular value decomposition (SVD). Given a square (or
not square) matrix, A, there are essentially unique orthonormal bases
Vi,...,Vg and wq, ..., wy and non-negative u; such that Av; = p,w;.
I like to write the p; in decreasing order. These are the singular values
of A. The non-uniqueness is in choice of signs in the v;, or orthonor-
mal basis choice if a singular value is repeated. The v; are the singular
vectors of A.

As an alternative formulation of SVD, A may be expressed as O; DO,
where O; and O, are orthogonal matrices and D is diagonal. Here the
rows of Oy are the v; and the columns of O; are the w;.

Geometrically, a linear map A maps a sphere to an ellipsoid. The
w; are the semi-principal axes and the v; are their pre-images.
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The proof of the singular value decomposition is straightforward,
using diagonalization of AT A. The eigenvectors are the v;; the eigen-
values are the p?.

One can see from the Oy DO, formulation that | det A| =[], p;. Also
A* has the same singular values as A, while the singular values of A~}
are the reciprocals of the singular values of A. A simple calculation
shows that ||A|| = u1; the vector achieving the maximum in the norm
is just vy.

A generalization of this is the following:

Proposition 10. Let A be a d x d matriz. Let the singular values be
1 > o > ... > g and the singular vectors be vy, ...,vy. Then

(1) g = maxXqim v—r Min,eyng ||Av|| (where S denotes the unit sphere);
the mazimum is attained by V = lin{vy, ..., vi}.

(2) pg = MiNgim v=dq_k+1 MaX,evng ||Av]|; the minimum is attained
by V = lin{vy,...,vq}.

(3) p1---pp = maxgimv—r |det(A|y)|, where det(Al|y) is the k-
dimensional volume growth of A.

The proof (of the first two parts) is fairly straightforward. Since
orthogonal matrices are isometries, it suffices to consider the case where
A is diagonal. The last part can be proved using the Cauchy-Binet
theorem (more on this below).

2.2. Exterior algebra (user’s guide — apologies to Bourbaki).
If V is a vector space, define an abstract vector space /\k V' spanned
by elements vi A - - - A vy satisfying relations:
o (Multi-linearity) viA---A(av;)A- - AV = aviA- - AV A AV
o (Antisymmetry) vi A= AV A~ AV; A - AV = —Vi A A
Vj/\"'/\Vi/\"'/\Vk.

If {vy,...,vq} forms a basis for V, then {v;, A---Av;, 113 < ... <ig}
forms a basis for /\k V. In particular, /\k V' is (Z)— dimensional.

If V has an inner product, it turns out that /\k V' inherits a nat-
ural inner product structure. A crude way to do this is to take an
orthonormal basis for V', ey, ..., e; and declare {e;, A---e; } to be an
orthonormal basis for A" V. This turns out to define an inner product
that does not depend on the choice of orthonormal basis (the proof is
due to a clever determinant equality, the Cauchy-Binet theorem).

If A is a linear map on V', then there is a natural action on /\k V,
AN (v Ao Avg) = (Avi) A -+ A (Avy) (you can check that the
relations above are preserved). Singular value decomposition plays ex-
tremely nicely with exterior algebras. This is the basis of the so-called
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Raghunathan trick, which we will use below in our proof of the (non-
invertible) multiplicative ergodic theorem.

Suppose that vy, ...v, are the singular vectors for A with singular
values p1, ..., pug. Also, let Av; = u;w;, so that the w; are orthonormal.
Then A™ maps vi, A+ AV, 10 fliy -+ i, Wiy A+ AWy, .

The singular vectors of /\k A are the k-fold wedge prod-
ucts of the singular vectors of A; the singular values of
/\k A are the k-fold products of the singular values of A.

The top singular value of A" A is 1y - - - ju, — we can interpret | A" A|
as the rate of growth of k-dimensional volume (see Proposition 10
above).

We sometimes think of vi A --- A vy as representing a normal (with
magnitude) to a subspace spanned by vy, ..., vg. (but what does v; A
co - AV + Wy A+ AWy, represent?)

2.3. Grassmannians. The Grassmannian, Gi(V'), of a vector space
V' is the collection of all k-dimensional subspaces of V. It has a lot of
structure! compact manifold, homogeneous space, scheme, ... Unlike
exterior algebras, there’s no additive structure though. ..

Mostly we'll take V' = R¢ and think of G(V) as a compact (and
hence complete) metric space. The distance between two k-dimensional
subspaces W and W' is the Hausdorff distance dg (WN.S, W’'NS), where
S is the unit sphere.

Recall that

dg(W NS, W'NS)=max( max d(v,W' NS), max d(v,IWnNSI)).

veWwns vew’ns
It turns out that there is a ‘symmetry of closeness’ for subspaces of the
same dimension. Each of the terms in the maximum is bounded by a
constant multiple of the other, where the constant depends only on &
(even in Banach spaces). In particular, to show that two k-dimensional
subspaces are close it suffices to show that either of the two quantities
in the maximum is small.

The manifold G;(R?) turns out to be k(d — k)-dimensional. I made
use of a system of coordinates in a recent paper.

2.4. Inverse cocycle. We mentioned this one above. Here we require
invertibility both of o, and of the matrices defining the cocycle: A, €
GL(d,R). The inverse cocycle is a cocycle over 0! generated by B,, =
14—1

o~ lw*
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As mentioned above, BJ" = (Affn,)nw)*l. A little work with the sub-

additive ergodic theorem shows that the exponents of the inverse co-
cycle are —pg > ... > —p.

2.5. Dual cocycle. This cocycle requires invertibility of o, but not
invertibility of the matrices A,,. Again it’s a cocycle over o~!. The
generator is C,, = A*

We then calculate

—1g-

CW =C, oy, - C,
— A* S AX

oW —1ly
= (Aa_lw T Aa—"w)*
—_ (A =
=(A2.)"
Since the singular values of A((Tn,)nw are approximately e™!, ... e™d we

see that the singular values of the dual are the same, and hence the
dual cocycle has the same Lyapunov exponents as the primal cocycle.

2.6. Temperedness. If o is a measure-preserving transformation and
f € L', then for P-a.e. w, f(o"w)/n — 0.

The cheapest proof uses the Birkhoff ergodic theorem, but there is
a more elementary proof using the first Borel-Cantelli lemma.

3. MULTIPLICATIVE ERGODIC THEOREM: PROOF SKETCH

We’ll give a rough sketch of the proof of the multiplicative ergodic
theorem (the non-invertible version). The framework for the proof
is from Raghunathan’s proof of the MET (based on singular values).
We’ll deviate from it slightly, giving an inductive proof that we have
modified to work in Banach spaces.

We've already indicated how to deduce the invertible version from
the non-invertible version.

Let o be an ergodic measure-preserving transformation of a proba-
bility space (2,P). Let A: Q — Myyq(R) generate a matrix cocycle
and assume that A satisfies [ log || A, || dP(w) < oo.

3.1. Finding the exponents. For each k, define a new cocycle A/,
This satisfies [log™ ||AL%|| dP(w) < k [log™ || A,]| dP(w) < oo. Now,
¥ (w) = log || AN in) || is a sub-additive sequence by sub-multiplicativity
of norms, so that X f/*(w) is convergent P-a.c. to lim,_,o + [ f* dP by
the sub-additive ergodic theorem (or the Furstenberg-Kesten theorem).
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We let this limit be p; + ... + ug; that is, we define

i = lim ~ [ (f%(w) — £26D () dP(w),

n—oo M

where f/? = 0. From our comments before, ji; + . ..+ p;, measures the

long-term k-dimensional volume growth rate of A These p's will
be the Lyapunov exponents.

Recalling that || A" = Hle s;(AT), we see

ett = lim sp(AM)/"
n—oo
In particular, the u; are non-increasing as required.
Notice also, that
1+ ..+ pg = lim Llog (sl(AfU”)) - sd(Aw”)))

n—o0

= lim log|det A

n—o0

n—1
1
= li —E log | det A,
im -~ 2 og |de

n—o0

= /log | det Ay | dP(w).

In particular, if A, € SL(d,R) for each w, then py + ...+ g = 0.
We let Ay > ... > \; be the Lyapunov exponents without repetition,
where \; occurs m; times among the p;’s. m; is called the multiplicity

Of >‘j'

3.2. Finding the slow spaces. Let 1 < ¢min;(\; — Aiy1). By the

sub-additive ergodic theorem, there exists for P-a.e. w an ngy such that
for each n > ng and each i, e < si(A((un)) <elmtnn Tetl<j<lI
and let U}") (w) be the (m;+m;+1+...+my)-dimensional space spanned
by the singular vectors with the smallest singular values (these are all
et or smaller).

Claim 1. ForP-a.e. w, the U](n) (w) form a Cauchy sequence in Gy(RY).

We define the limit of the Uj(n) (w) as n — oo to be Uj(w).
3.3. Finishing the proof.
Claim 2. U;(w) is equivariant.

Claim 3. For P-a.e. w, if v & U;j(w), then 2log|[A™v]| > X\;_1 — 7
for all large n.

Claim 4. For P-a.e. w, if v € U;(w), then Llog ||A™v| < X; + 7 for
all large n.



MULTIPLICATIVE ERGODIC THEOREM LECTURES 11

3.4. Proof sketches.

Claim 1 proof sketch. We want to show that for each j and for P-a.e.
w, U }n) (w) is a Cauchy sequence of subspaces of R,

The idea is quite simple:

Take v € U;n)(w) NS and write v. = u+ w where u € Uj("ﬂ)(w)
and w € U;

1 1
" (w)". Notice that U;nﬂ)(w) is the fast space for
A+

w spanned by the top singular vectors, which all expand at least
at exponential rate A\;_; — 7.

We have

ATy || < ePitmn|| A n,||; but also

[AS ]| = ePomm .

By temperedness, ||Ayny| < €™, so that we end up with an estimate
like [Jw| < eP=-173W"  Any vector v in Uj(n) (w) N S is exponen-
tially close to a vector, u, in U;nﬂ)(w). The symmetry of closeness

described above implies d(Uj(") (w), UJ(”H)(w)) < ey Ami=3mn - Since

these distances are summable, the sequence of subspaces is Cauchy and

(1) dU™ (W), Uj(w)) < eXsd-1—3nm,

J

O

Claim 2 is proved similarly: we take an element v of U ](n+1)(w) ns

and write A,v as u+w with u in U](n) (ow) and w € U;n)(aw)L. Since

AUy isn't too large, one deduces that w is exponentially small

Claim 3 is straightforward. If v ¢ U;(w), then it has some distance
§ from Uj(w). It then has distance at least < from Uj(n) (w) for large
n. Writing v as u + w with u € U;n)(w) and w € U;”)(w)l, we have
lwl = 4, so that [|ASv]| > ||ASwl| % et

Claim 4 is tricky, but is straightforward for j = 2. If v € Uy(w) N S,
then v can be written as u+w with u € U{™ (w) and w € U™ (w)* with
[wl| < e~Ma=A2=3mn By (1), Now applying A% to u and w separately,
both are of size < e*2".

For 7 > 2, Raghunathan splits w into pieces with different growth
rates and proves stronger estimates on the faster growing pieces. A
technically simpler (but less pleasing proof) is obtained by working

inductively down from the top, giving a priori estimates on the growth
of the ‘fast part’.
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All of the above can be made to work in separable Banach spaces.
First, a sub-multiplicative notion of k-dimensional volume growth is
needed. From this, we can define the exponents as above. The spaces
are obtained in essentially the same way.

This gives

Theorem 11 (Multiplicative ergodic theorem for Banach spaces; non-in-
vertible version). Let o be an ergodic measure-preserving transforma-
tion of a probability space (2,P). Let X be a Banach space with sep-
arable dual and let (Ay,) be a cocycle of quasi-compact operators on
X. Then there exist \y > Ao > ..., multiplicities my, mo, ... and
(mq + ...+ m;_1)-codimensional spaces U;(w) that are equivariant and
have the correct growth conditions.

We come back to the deduction of invertible-type METSs from non-
invertible METs. Taking a cue from Corollary 9, we insist on invert-
ibility of the base transformation. We see what we can get without
making any invertibility assumptions on the matrices.

3.5. Non-invertible to invertible II: Duality. Assume that X is
reflexive: X** = X (this is certainly true in the finite-dimensional
case). Then X* is separable and the dual cocycle C,, described above
satisfies the non-invertible MET with the same exponents.

For matrices, a left eigenvector and right eigenvector with different
eigenvalues are orthogonal. Analogously, a dual Oseledets subspace
annihilates a primal Oseledets subspace with a different exponent. One
can then show Us,,(w)° is the fast space, V>, (w). From here, you
intersect with Ve, (w) to get Vj(w) as previously.

3.6. Non-invertible to invertible ITI: Power method. To find the
largest eigenvector of a matrix (assuming that the largest eigenvalue
has multiplicity 1), you can just take (almost) any vector and iterate
the matrix.

There’s an analogous method to build the V;(w). I'll describe it for
the case of RY, but there is a Banach space version also.

Viw) = lim A, (Uj(w) © Ujpa(w)):

—ngy,

Start from the orthogonal complement of the V<, (07"w) inside Ve, (07 "w).
This has some ‘component’ of the fast space inside it (you can make
sense of this using exterior algebra). When it is iterated, the fast part
dominates and the sequence converges to the true fast space.

The following version of the MET (that we call semi-invertible) fol-
lows from either of these approaches.
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Theorem 12 (Multiplicative Ergodic Theorem (semi-invertible) - Froy-
land, Lloyd, Q). Let o be an invertible ergodic measure-preserving
transformation of (U, P). Let A: Q — GL4(R) be a cocycle of not
necessarily invertible matrices with [log||A,| dP(w) < .

Then there exist oo > Ay > Ay > ... > Ay > —o0 and subspaces
Vi(w), ..., Vi(w) satisfying

(1) Decomposition: R =V (w) @ ... D Vi(w);

(2) Equivariance: A,(Vi(w)) = Vi(o(w));
(3) Growth: If v € Vi(w) \ {0}, then *log 1A | = N as n —

+00.

There is also a version for quasi-compact operators on separable
Banach spaces

4. LAST LECTURE

To be decided: either METSs on Banach spaces and applications to
oceans (lighter weight); or sensitivity of Lyapunov exponents.



