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Figure: Power network, central part of Chile (“Sistema Interconectado Central”)



Figure: Earthquakes of magnitude � 6.0 in span 1900-2017



Figure: All registered earthquakes of magnitude � 8.5





Figure: Power network, central part of Chile, zoom 5%



Introduction

Reliability/Resiliency of a system

Ability of the system to keep on working despite failure of its components

In energy & telecomm systems:
IEEE Reliability Society, IEEE Transactions in reliability (est. 1952,
IF 2.79)
Repairable vs. unrepairable components
Focus: k -out-of-n reliability, mostly connectivity, exogenous shocks

Our work:
“system lifetime due to occurrence of exogenous shocks”

when
shocks can hit multiple components at the same time (i.e. non-iid shocks)
components are unrepairable
system lifetime := time when last* component fails
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A model for dependent lifetimes of components

We consider Lévy-frailty Marshall-Olkin distribution (Mai & Scherer 2013):

n = number of components
For each component i there is a “trigger” "i ; expo(1) *all triggers "i are iid

There is a Lévy subordinator (St : t � 0) *S is independent of the triggers ("i )

Component i “dies” first time S up-crosses "i : min{t � 0 : St � "i}
We obtain: a multivariate distribution of lifetimes of the components

Note on Marshall-Olkin distribution (1967):

Model for simultaneous failures of
components
Generalizes memoryless property to Rn

Easy to simulate, Popular!
/ n components ) 2n � 1 parameters!

Lévy-frailty Marshall-Olkin:
, alleviates this

parametrical complexity
, “almost iid” model
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Main result
Consider a system where

n := number of components
lifetime of components follows a Lévy-frailty Marshall-Olkin model
system lifetime is Tsys := time when last component fails

Consider the hypotheses

(A↵) P(S1 > t) ⇡
t!1

const .
t↵

and (B) 0 < Var(S1) < 1

Theorem

If (A↵) holds for ↵ 2 (1, 2) or (B) holds (put ↵ := 2) , then

Tsys � log n/ES1

(log n)1/↵ /ES1

distribution������!
n!1

� · Stable↵(1,�1, 0)| {z }
=Normal(0,2) if ↵=2

,

where � = constant related to the tail of S1.

⇤ Also holds when Tsys := time of k th failure (out of a total of n), “k ⇡ n”
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Perspectives & applications I

Perspective 1: an asymptotic analysis result

On P(Tsys > t) = P(nth failure hasn’t occured by t): fixed t����!
n!1

1, fixed n����!
t!1

0.

Question: is there a non-trivial “regime” as t and n grow together?

Answer: our result says YES, plug in t = tn := [log n + s(log n)1/↵
]/ES1

to obtain P(Tsys > tn) ����!
n!1

P(� · Stable↵(1,�1, 0) > s)

Perspective 2: a Central Limit Theorem–type result
Pn

i=1 ⇠i � n · E⇠
n1/2

distr.����!
n!1

� · N(0, 1)

where ⇠i ; iid, Var(⇠1) < 1

vs.
Tsys � log n/ES1

(log n)1/↵ /ES1

distr.����!
n!1

�·S↵(1,�1, 0)

under Lévy-frailty M-O model

Application 1: confidence bounds
Assume n components and (A↵) holds, ↵ 2 (1, 2). With confidence 1 � ✏,

Tsys 2
"
log n
ES1

�
�(log n)1/↵

ES1
z✏/2

Stable↵(1,�1,0) ,
log n
ES1

+

�(log n)1/↵

ES1
z1�✏/2

Stable↵(1,�1,0)

#
.
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Perspectives & applications II

Application 1: confidence bounds (continued)
If the model is erroneously assumed to be iid, with confidence 1 � ✏,

Tsys 2

2

4 log n
ES1

�
z✏/2

Gumbel(1,0)

ES1
,
log n
ES1

+

z1�✏/2
Gumbel(1,0)

ES1

3

5 .

Perspective 3: a result on Extreme Value Theory

Tk :n := time of k th failure (out of n component failure times)

Our result holds for Tsys := any of the upper order statistics Tk :n, T
(k+1):n, . . . , Tn:n,

for any k = k(n) % 1 satisfying: log(n � k) = o
⇣
(log n)1/↵

⌘
.

Application 2: reliability in networks
Samaniego signature (Marichal et al. 2011): for “most” system failure times

P
✓

system is alive
at time t

◆
=

nX

k=1

P
✓

system fails because
of kth failure

◆
P
✓

kth failure occurs
at time � t

◆
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Summary & main contributions

We derive asymptotical results for the last-failure times of a Lévy-frailty
Marshall-Olkin model for failure times

Theoretical contributions:
Asymptotic result, very useful for approximations
New result on probability concentration of upper order statistics
New result in Extreme Value Theory

Engineering/applications contributions:
We give confidence intervals for system failure times
Our result has potential to tackle more general system failure times through
Samaniego signature result

All in all, contribution to systemic risk, reliability, applied probability &
multivariate statistics
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Thanks!


