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Stochastic Structure with Emerging Information

Pattern of “decisions” and “observations” in N stages:
x1, ξ1, x2, ξ2, . . . , xN , ξN with xk ∈ IRnk , ξk ∈ Ξk

x = (x1, . . . , xN) ∈ IRn = IRn1 × · · · × IRnN

ξ = (ξ1, . . . , ξN) ∈ Ξ ⊂ Ξ1 × · · ·ΞN

Interpretation: each ξ ∈ Ξ is an information scenario

Nonanticipativity of decisions

xk can respond to ξ1, . . . , ξk−1 but not to ξk , . . . , ξN :

x(ξ) = (x1, x2(ξ1), x3(ξ1, ξ2), . . . , xN(ξ1, ξ2, . . . , ξN−1))

Simplifying assumptions for this talk:
• the scenario space Ξ has only finitely many elements ξ
• each scenario ξ ∈ Ξ has known probability p(ξ) > 0

−→ Ξ is a probability space



Response Function Framework (Rock. & Wets, 1976)

Ξ ⊂ Ξ1 × · · ·ΞN , IRn = IRn1 × · · · × IRnN

L = all functions from scenario space Ξ to decision space IRn

x(·) : ξ = (ξ1, . . . , ξN) 7→ x(ξ) = (x1(ξ), . . . , xN(ξ))

Nonanticipativity subspace: with ξ = (ξ1, . . . , ξk−1, ξk , . . . , ξN)

N =
{
x(·) ∈ L

∣∣ xk(ξ) depends only on ξ1, . . . , ξk−1

}
−→ x(·) is nonanticipative ⇐⇒ x(·) ∈ N

Expectation inner product: for x(·), w(·) ∈ L
〈x(·),w(·)〉 = Eξ[x(ξ)·w(ξ)] =

∑
ξ∈Ξ p(ξ)

∑N
k=1 xk(ξ)·wk(ξ)

Complementary subspace: M = N⊥ (“martingale” space)

M =
{
w(·) ∈ L

∣∣ Eξk ,...,ξN [wk(ξ1, . . . , ξk−1, ξk . . . , ξN) ] = 0
}



Multistage Stochastic Programming in this Setting

Problem ingredients: for each scenario ξ ∈ Ξ, let
C (ξ) = nonempty closed convex set in IRn

g(x , ξ) = continuous convex function of x ∈ C (ξ)

Scenario constraint on responses: x(·) ∈ C, where
C =

{
x(·) ∈ L

∣∣ x(ξ) ∈ C (ξ) ⊂ IRn for all ξ ∈ Ξ
}

Risk-neutral objective function: G : C → IR, where
G(x(·)) = Eξ[g(x(ξ), ξ)] =

∑
ξ∈Ξ p(ξ)g(x(ξ), ξ)

Note: C ⊂ L is closed convex, G : C → IR is continuous

Stochastic programming problem

minimize G(x(·)) over all functions x(·) ∈ C ∩ N
N = nonanticipativity subspace of L

Risk-averse objective function as an alternative:

G(x(·)) = CVaRα(G (x(·)) for the r.v. G (x(·)) : ξ → g(x(ξ), ξ)
CVaRα(r.v.X ) = conditional expectation in upper α-tail of X



Progressive Hedging Approach (Rock.& Wets 1991)

General form of the procedure:
• Introduce information cost “multipliers” w(·) ∈M = N⊥
• In iterations ν = 1, 2, . . .

solve “hindsight” problems for the separate scenarios ξ in which
the cost g(x , ξ) is modified to

gν(x , ξ) = g(x , ξ) + wν(ξ)·x + r
2 ||x − xν(ξ)||2

with respect to the current xν(·) ∈ N and wν(·) ∈M
• This yields x̂ν(ξ) for each ξ, but the response function x̂ν(·)

won’t be nonanticipative. Restore nonanticpativity by projection
onto N and generate an update for the information costs in M

• the risk-neutral case of Eξ[g
ν(x(ξ), ξ)] =

∑
ξ∈Ξ p(ξ)g(x(ξ), ξ)

supports the decomposition into separate scenario subproblems

• the risk-averse case with CVaRα has no separability directly,
but separability can be achieved, as will be explained later



Projection Tool for Aggregating Responses

Recalling the structure of the complementary subspaces:
N =

{
x(·) ∈ L

∣∣ xk(ξ) depends only on ξ1, . . . , ξk−1

}
M =

{
w(·) ∈ L

∣∣Eξk ,...,ξN [wk(ξ1, . . . , ξk−1, ξk . . . , ξN)] = 0
}

Aggregation: let P = projection onto N
then I − P = projection onto M, since M = N⊥

Execution relative to the information structure:
• Scenarios ξ = (ξ1, . . . , ξN) and ξ′ = (ξ′1, . . . , ξ

′
N) are at stage k

information-equivalent if (ξ1, . . . , ξk−1) = (ξ′1, . . . , ξ
′
k−1)

• Let Ak(ξ) = kth-stage equivalence class containing ξ

• Then x(·) = P(x̄(·)) has its kth-stage component given by

xk(ξ) =
∑

ξ′∈Ak (ξ) p(ξ′)x̄k(ξ′)/
∑

ξ′∈Ak (ξ) p(ξ′)

thus xk(ξ) is the conditional expectation of x̄k(ξ) relative
to the kth-stage information-equivalence class containing ξ



Progressive Hedging in Stochastic Programming

Algorithm statement in the risk-neutral case with parameter r > 0

Having xν(·) ∈ N and wν(·) ∈M, get x̂ν(·) ∈ L by

x̂ν(ξ) = argminx∈C(ξ)

{
g(x , ξ) + x·wν(ξ) + r

2 ||x − xν(ξ)||2
}

Then get xν+1(·) ∈ N and wν+1(·) ∈M by aggregation:

xν+1(·) = P(x̂ν(·)), wν+1(·) = wν(·) + r [x̂ν(·)− xν+1(·)]

Convergence theorem — when a solution pair x(·), w(·), exists

The sequence {(xν(·),wν(·))}∞ν=1 generated by the algorithm will
always converge to a particular solution pair (x∗(·),w∗(·)), with

||xν+1(·)− x∗(·)||2 + 1
r2 ||wν+1(·)− w∗(·)||2

≤ ||xν(·)− x∗(·)||2 + 1
r2 ||wν(·)− w∗(·)||2



Adaptation of Progressive Hedging to a Risk-Averse Case

CVaR Minimization formula: Rock.& Uryasev (2000, 2002)

CVaRα(X ) = min
z∈IR

{
z + 1

1−αE [max{0,X − z}]
}

Consequence: for the random variable G (x(·)) : ξ → g(x(ξ), ξ),

CVaRα(G (x(·)) = min
z∈IR

{
z + 1

1−αEξ[max{0, g(x(ξ), ξ)− z} ]
}

Risk-Averse stochastic programming problem, reformulated

minimizing CVaRα(G (x(·)) over x(·) ∈ C ∩ N is equivalent to
minimizing Eξ[ h(z , x(ξ), ξ) ] over z ∈ IR, x(·) ∈ C ∩ N , where

h(z , x(ξ), ξ) = z + 1
1−α max{0, g(x(ξ), ξ)− z}

Route to computation:
• Incorporate z within x(·) as an extra first-stage variable
• Then just apply the risk-neutral version of the progressive

hedging algorithm with h taking the place of g



Example: The One-Stage Case

Simplified pattern of decisions and observations:
x ∈ IRn followed by ξ ∈ Ξ yielding cost g(x , ξ)

Response functions: x(·) ∈ C ∩ N ,
x(ξ) ∈ C (ξ) but also x(ξ) ≡ constant

Risk-averse optimization problem:
minimize CVaRα(g(x()̇, ·)) over x(·) ∈ C ∩ N

Progressive hedging in this setting

In iteration ν with xν and zν along with wν(·), uν(·), having
Eξ[w

ν(ξ)] = 0, Eξ[u
ν(ξ)] = 0, get (x̂ν(ξ), ẑν(ξ)) for each ξ from

min
x(ξ),z(ξ)

{
z(ξ) + 1

1−α max{0, g(x(ξ), ξ)− z(ξ)} − wν(ξ)·x(ξ)

−uν(ξ)z(ξ) + r
2 ||x(ξ)− xν ||2 + r

2 |z(ξ)− zν |2
}

Then update by taking
xν+1 = Eξ[x̂

ν(ξ)], wν+1(ξ) = wν(ξ) + r [x̂ν(ξ)− xν+1],
zν+1 = Eξ[ẑ

ν(ξ)], uν+1(ξ) = uν(ξ) + r [ẑν(ξ)− zν+1].



Extension to Other Measures of Risk Than CVaR

Risk measures of expectation type: on r.v.’s X : Ξ→ IR

R(X ) = min
z∈IR

{
z + Eξ[ v(X (ξ)− z ) ]

}
for a “regret” function v

CVaRα case: v(t) = 1
1−α max{0, t}

−→ adaptation proceeds just with this different v !

Mixtures of such measures: weights λi > 0,
∑m

i=1 λi = 1

R =
∑m

i=1 λiRi , where Ri (X ) = min
zi∈IR

{
zi +Eξ[ vi (X (ξ)− zi ) ]

}
=⇒ R(X ) = min

z1,...,zm
Eξ

[∑m
i=1 λi [zi + vi (X (ξ)− zi ) ]

]
−→ adaptation proceeds similarly with m auxiliary variables!



Extension to Nested Risk in Ruszczyński’s Sense

two-stage structure, for simplicity: pattern x1, ξ1, x2, ξ2

First-stage risk: a risk measure R1 for r.v.’s in ξ1

Second-stage risk: risk measures R2,ξ1
for r.v.’s in ξ2

Formulation of objective

For nonanticipative (x1, x2(·)) consider
• cost r.v.’s ξ2 → g2(x1, x2(ξ1), ξ1, ξ2) and get an r.v. in ξ1

by applying R2,ξ1 to them.
• add that r.v. to the cost r.v. ξ1 → g1(x1, ξ) and then apply
R1 to get a numerical value for it.

• that is the value to be minimized with respect to (x1, x2(·)).

Corresponding adaptation to progressive hedging:
first-stage auxiliary parameter introduced for first-stage
second-stage auxiliary parameters introduced for second-stage
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