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Preliminaries-probability functions

Problem

We are interested in variational properties of Gaussian probability functions
induced by non-necessarily smooth initial data, ¢ : X — R, defined as

p(x) =P (g (x,8) <0)

@ where X is a reflexive and separable Banach space

@ g: X XR™ — IR is a function depending on the realizations of an
m-dimensional random vector ¢

@ g is locally Lipschitzian en (x,z) and convex in z
e mainly, { ~ N (0, R)

@ At the reference point x, g (%,
any point x € X with g(x,0)

0) < 0; this implies that ¢ is continuous at
< 0.
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Preliminaries-probability functions

Example: Define g : R x R2 — R by

g(x,z1,20) :== zx(x)eh(zl) +2zo—1,

x2 x>0
"‘(X):_{ 0 x<0

h(t):=—-1—4log(1—®(t)); D(t):

where

—T2/2dT

vl

i.e., @ is the distribution function of the one-dimensional standard normal
distribution.

If & = (&,&) ~N(0,1), then g is C1, but ¢ fails to be locally Lipschitzian in 0
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Preliminaries - notions from variational analysis

@ The Fréchet subdifferential of ¢ at X has the form

3 (%) == {x* € X" | liminf EX =) = (XX =%) o}

X% [Ix = x|l

@ The Mordukhovich subdifferential is
g (x) := {x* ‘= w-limx € 99 (xn), Xn — x}
@ The singular subdifferential is
9%¢ (%) := {X* = w-limAnxt, x5 € 99(xn), Xn — X, An \, 0}
@ The Clarke subdifferential is

dcp (%) =<0 {9¢ (%) +0%¢ (X)}

o If ¢ happens to be convex, these coincide with the convex subdifferential
(e=0):

9:¢ (%) = {x" € X" | p(x) > ¢(X) + (x*,x — %) —¢, Vx € X}.
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Preliminaries

Definition
We formulate a stochastic programming problem as (Charnes, Cooper and
Symonds (1958))
min h(x)
P(g1(x,£)>0, ,gk(x,§)>0)>p
or, equivalently,

min h(x)
P(max;_1 x gi(x,§)>0)>p

@ Models optimization problems involving uncertainties (demand, production,
and so on)
@ The probability, or safety, p may reflect the reliability of the system

@ For p closed to 1, one ensures that the state of the system remains within a
subset of all possible states under the absence of major failures.
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Preliminaries

Fact
The use of the alternative formulations

(x)

min
P(g1(x,8)>0)>p1,-,P(gk(x,5)>0)>py

may or may not be justified from the point of view of model construction; for
instance, if the randome variables g1(x, &), - - - . gk (x, &) are independent of each
other, then

P(1(x,§) 20, gk(x,§) 2 0) = P(g1(x,§) > 0).....P(gk(x. &) > 0)
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Preliminaries-Spheric-radial decomposition of Gaussian
random vectors

For any Borel set M C R™

PEeM = [ u({r=0]rveMy)duv)

vegm—1

° i, is the one-dimensional Chi-distribution with m degrees of freedom

° g is the uniform distribution on §™~1

e L is a factor in a decomposition R = LLT

Hence, defining the radial probability function e : X x 8™~1 - R as
e(x,v):=u, ({r=01]g(x rLv) <0}),

o) = [ elxv)dng(v)

gm—1
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Preliminaries - Explicit expression of probability functions

For x € X satisfying g(x,0) < 0, we set
F(x) = {vesS™ 1! |3r>0:g(x rLv) =0}
I(x) = {ves™!|Vr>0:g(x,rLv) <0}
and

[ rsuchthat g(x,rLv) =0 if v € F(x)
P(X"’)'—{ +o0 if v el(x),

We get

where Fy is the distribution function of the Chi-distribution with m degrees of
freedom ,
Fr(t) = x(t) = Kt" e t/2 vt >0

(CMM, Universidad de Chile) Subdifferential characterization of probability functions



Preliminaries - Continuity of probability functions

Lemma
Define U := {x € X | g(x,0) < 0}.

@ The radius function p is continuous at (x,v) for any x € U and any
v e F(x).
@ Forx € U and v € I(x) it holds that klim 0 (xk, vi) = oo for any sequence
— 00

(X, vk) — (x, v) such that vj € F(xy).

The radial probability function e (x, v) = Fy(p (x,v)) is continuous at any
(x,v) € X x S™1 with g(x,0) < 0.

The probability function is continuous at any point x € X with g(x,0) < 0.
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Normal Integrands

We consider a normal integrand
f:TxX—R
e (T,%, u) with o-finite, complete and positive measure

o fisa X ® B(X)-measurable and f(t,-) is Isc
e If in addition f(t,-) € I'(X) then f is convex normal integrand

Definition

We introduce the mapping /r : X — R

Ir(x) i= [ F(ex0dp(e)
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Normal Integrands

o g is Gelfand integrable if for each A € &

(i) = [ {e(0).) du(e) € X°

Definition
The Gelfand integral of multifunction M : T = X* over A € }_ is the set

/Al\/l(t)dy(t) — {/AX*(t)dy(t) | x*(-) is a G-integrable selector of /\/I}
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Convex normal Integrands

Iff(t,x) > (y(t),x)+ B, v € L°(T,X), peL°(T), then

a/f(X) = ﬂ CIW* /T (asft<x) +NFﬂdomlf (X)) d}l(t)

e>0
FeF(x)

(F (x) = {finite-dimensional subspaces X D F > x})

e Ex: I¢(x fo = 2 dt so that 9/¢(0) = R and
ﬂclw </8ft Ydu(t > N U [-4Ve 4ve] = {0}
e>0 e>0n>1

@ To compare with

Ale(x) = ﬂdW*( U /8 £ (0)du( ))

e>0 VEL,
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Convex normal Integrands

o If If = [ f( t))du(t) is continuous at some point in L*(T, X)
(Rockafellar 70’)
dlf (x U / of (t,x),
ELe

@ Assuming X = R" and dom /¢ ﬂri(dom f(t,-)) # @ (loffe 2006)
r(x) = [ (9F(t,X) +Naomy, (x))d

° 7f : L°°(T, X) — R norm-continuous at some constant point, then
(loffe-Levin 70")

a/f / af t, X)d}l“l‘Ndom/f( )
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Convex normal Integrands

o (loffe (2006) and Thibault-Lopez (2008))

alr (x) :Ii’r_n/Taf(t,x,-(t)), /T F(t,xi(t)) —>/T £(t, x)

e For g, h € Tp(X)

(g + h)(x)

m Clw* (agg(X) + ash(x) + NFﬂdomgﬂdom h(X))
Fé?:?x)

M 1" (3eg(x) + dch(x))

e>0
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Lsc normal integrands

We assume that /¢(xg) < +oco for some xp € X and that for some § > 0 and
K e Ll(T,]R) we have

Oxf(t,x) C K(t)Bf (0) + C, Vx € Bs(xg), ae t € T, (1)
where C C X* is a closed convex cone with polar cone having a nonempty interior.

Theorem
We have that

3l (xg) C cI* /af(t,xo)dy(t)—l-C . 3%l (x) C C,
T

acli(x0) €T 4 [af(t.x0)dp (1) + C
T
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A kind of Mean Value Theorem

Let x € X with g(x,0) < O0and v € F(x) be arbitrary.

Fact

Vy* € §Xe(x, v) and VYw € X, 3 (x*,z*) € dcg(x, p(x, v)Lv) such that

—F' (o(x, v
(y*,w) < % (x*, w).

Consequently, (i) There exist neighborhoods U of x, V of v, and & > 0 such that

de(x V) CBL(0) V(x,V)eUx (Vnsm—l) .

Fact
(ii) For all x € X with g(x,0) < 0and for all v € I(x) one has that

| \

~

dxe(x,v) C {0}.
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Cone of nice directions

Definition
For x € X and | > 0, the [-cone of nice directions at x € X is

2
[E4]

G(x)={he€X|g°(.2)(yih) < 1|zl e2ItF* [|h]| ¥y € By, (x), llzIl > 1},

where g°(+, z) is the Clarke derivative

Fix xo € X such that g(xg,0) < 0. Then, for every | > 0, there exists some
neighborhood U of xg and some R > 0 such that

ol e(x,v) CB% (0) — Cf(xg) Yxe U, vesm™ 1
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Subdifferential of the Gaussian probability function

Theorem

Let xy € X be such that g(xp,0) < 0. Assume that the cone C;(xg) has a
non-empty interior for some | > 0. Then,

vegm-1

° 0%¢p(x0) € —C/(x0)

@ d¢p(xp) C cl* { ' oxe(xo v)dug(v) — C/*(xo)}

° dcg(x) €@ { S oxe(x0, v)dpg(v) — C/*(Xo)}

vesm-1
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Subdifferential of the Gaussian probability function

Corollary

Moreover, suppose that dxe(xp, v) is integrably bounded; i.e., there exists some
integrable function K : S™"~1 — R such that

dxe(xo, v) € By(,)(0) p;—ae ve gm-1
Then

9p(x0) Cacp(a) Sl [ dxelr0.v)dng(v) b — Col0).

vesgm-1
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Lipschitzianity of the Gaussian probability function

Corollary

Fix x € X such that g(x,0) < 0. Under one of the alternative conditions
(i) {z € R™ | g (x0,z) <0} is a bounded set

(ii) 3 1 > 0 such that Ci(xp) = X

the probability function ¢ is locally Lipschitz near x and

9cp() S [ aelxv)duy(v).

vegm-1

| \

Corollary

In addition if #3S e(x,v) =1 prraev € Sm=1, then @ is strictly differentiable
at x and

Vol) = [ Vel v)dug(v)

vegm-1

thus, ¢ is C L if X is finite-dimensional.
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Application to a finite system of smooth inequalities

Problem

We introduce

p(x):=P(gi(x,) <0, i=1,....,p), xe€X
for g; Lipschitz.
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Application to a finite system of smooth inequalities

If g := nl1ax gi, then we go back to our setting where
i=1,..p

The functions p; are C* and for all x with g (x,0) < 0 and all v € F(x),

1

Vp; (x,v) = — Vog (xp o v) Lv) . Lv) Vxgi (x,p(x,v)Lv), i=1,...,p.
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Application to a finite system of smooth inequalities

Fix xo € X with g (x0,0) < 0, and assume that for some | > 0 it holds

[E

IVxgi(x. 2)| < 1|z~ €2t Vx € By (x0), |2l = /.

Then @ is locally Lipschitz near xy and there exists some R > 0 such that

. 3 X (p(x0.v)) Vxgi (x0.p (x0, v) Lv) y
Icp(x) < VEF/(XO) co ,eLTJ( ; V i (x0,0 (x0,v) Lv), Lv) e
+17(I(x0))Bk (0) -
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