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Jiří V. Outrata 2

1 J. Kepler Universität Linz
2 Academy of Sciences of the Czech Republic, Prague

This research has been supported by: FWF, Grant P26132-N25
GACR, Project 15-00735S
ARC, Project DP160100854

Helmut Gfrerer 1, Jiří V. Outrata 2 1 / 18



Introduction

Consider the generalized equation (GE)

0 ∈ H(p, x) + N̂Γ(x), (1)

where p ∈ Rl is the parameter, x ∈ Rn is the decision variable, H : Rl × Rn → Rn is
continuously differentiable and Γ ⊂ Rn is a closed set. Denote by S : Rl ⇒ Rn the
respective solution map, i.e.,

S(p) = {x |0 ∈ H(p, x) + N̂Γ(x)} (2)

and consider a reference pair (p̄, x̄) ∈ gph S.

Our aim is to derive a workable sharp criterion for the Aubin property of S for the case
of non-ample parameterization (i.e. ∇pH(p̄, x̄) is not surjective).

Such a criterion may be applied, among other things, in

1) post-optimal analysis;

2) treatment of MPECs and EPECs, where (1) arises among the constraints.
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Outline

(i) Selected tools of variational analysis;

(ii) General criterion for implicitly defined multifunctions;

(iii) New calculus rules;

(iv) The new criterion for the considered S;

(v) Conclusion.
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Ad (i) Selected tools of variational analysis

Definition
Given a closed set A ⊂ Rn and x̄ ∈ A, we define

(i) the tangent (Bouligand) cone to A at x̄ by

TA(x̄) := {h ∈ Rn|∃hi → h, ϑi ↘ 0 : x̄ + ϑihi ∈ A∀i};

(ii) the regular (Fréchet) normal cone to A at x̄ by

N̂A(x̄) := (TA(x̄))◦;

(iii) the limiting (Mordukhovich) normal cone to A at x̄ by

NA(x̄) := {ξ ∈ Rn|∃xi
A→ x̄ , ξi → ξ : ξi ∈ N̂A(xi )∀i}.

(iv) Finally, given a direction h ∈ Rn, the cone

NA(x̄ ; h) := {ξ ∈ Rn|∃hi → h, ϑi ↘ 0, ξi → ξ : ξi ∈ N̂A(x̄ + ϑihi )∀i}

is called the directional limiting normal cone to A at x̄ in the direction h.

Helmut Gfrerer 1, Jiří V. Outrata 2 4 / 18



Ad (i) Example

������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������

������
������
������
������
������
������
������
������

NA(x̄;h)

For h ∈ {0} × R+
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Definition
Consider a point (ū, v̄) ∈ Gr F . Then

(i) the multifunction DF (ū, v̄) : Rn ⇒ Rl , defined by

DF (ū, v̄)(h) := {k ∈ Rl |(h, k) ∈ Tgph F (ū, v̄)}, h ∈ Rn,

is called the graphical derivative of F at (ū, v̄);

(ii) the multifunction D̂∗F (ū, v̄) : Rl ⇒ Rn, defined by

D̂∗F (ū, v̄)(v∗) := {u∗ ∈ Rn|(u∗,−v∗) ∈ N̂gph F (ū, v̄)}, v∗ ∈ Rl ,

is called the regular (Fréchet) coderivative of F at (ū, v̄).

(iii) the multifunction D∗F (ū, v̄) : Rl ⇒ Rn, defined by

D∗F (ū, v̄)(v∗) := {u∗ ∈ Rn|(u∗,−v∗) ∈ Ngph F (ū, v̄)}, v∗ ∈ Rl ,

is called the limiting (Mordukhovich) coderivative of F at (ū, v̄).

(iv) Finally, given a pair of directions (h, k) ∈ Rn × Rl , the multifunction
D∗F ((ū, v̄); (h, k)) : Rl ⇒ Rn, defined by

D∗F ((ū, v̄); (h, k))(v∗) := {u∗ ∈ Rn|(u∗,−v∗) ∈ Ngph F ((ū, v̄); (h, k))}, v∗ ∈ Rl ,
(3)

is called the directional limiting coderivative of F at (ū, v̄) in direction (h, k).
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Ad (ii) Basic Lipschitzian stability notions

Consider a multifunction S : Rl ⇒ Rn and a point (v̄ , ū) ∈ gph S.

1) S has the Aubin property around (v̄ , ū), provided ∃ neighborhoods V ,U of v̄ , ū,
respectively, and a constant κ ≥ 0 such that

S(v ′) ∩ U ⊂ S(v) + κ‖v − v ′‖BRl for all v , v ′ ∈ V .

2) S is calm at (v̄ , ū), provided ∃ a neighborhood U of ū, and a constant κ ≥ 0 such
that

S(v) ∩ U ⊂ S(v̄) + κ‖v − v̄‖BRl for all v ∈ Rl .

It is well-known that S has the Aubin property around (v̄ , ū) iff F := S−1 is metrically
regular at (ū, v̄), i.e., ∃ neighborhoods U,V of ū, v̄ , respectively, and a constant κ ≥ 0
such that

d(u,F−1(v)) ≤ κ d(v ,F (u)) for all u ∈ U, v ∈ V .

Likewise S is calm at (v̄ , ū) iff F := S−1 is metrically subregular at (ū, v̄), i.e., ∃ a
neighborhood U of ū and a constant κ ≥ 0 such that

d(u,F−1(v̄)) ≤ κ d(v̄ ,F (u)) for all u ∈ U.
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Ad (ii) General criterion

Denote
M(p, x) := H(p, x) + N̂Γ(x). (4)

Theorem 1 ([GO16]).
Assume that

(i) {u|0 ∈ DM(p̄, x̄ , 0)(q, u)} 6= ∅ for all q ∈ Rl ;

(ii) M is metrically subregular at (p̄, x̄ , 0);

(iii) For nonzero (q, u) ∈ Rl × Rn satisfying 0 ∈ DM(p̄, x̄ , 0)(q, u) one has the
implication

(q∗, 0) ∈ D∗M((p̄, x̄ , 0); (q, u, 0))(v∗)⇒ q∗ = 0.

Then S has the Aubin property around (p̄, x̄) and for any q ∈ Rl

DS(p̄, x̄)(q) = {u|u ∈ DM(p̄, x̄ , 0)(q, u)}.

The above assertion remains true provided the assumptions (ii), (iii) are replaced by

(iv) For every nonzero (q, u) ∈ Rl × Rn satisfying 0 ∈ D∗M(p̄, x̄ , 0)(q, u) one has the
implication

(q∗, 0) ∈ D∗M((p̄, x̄ , 0); (q, u, 0))(v∗)⇒ q∗ = 0, v∗ = 0.
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Ad (iii) New calculus rules

For M given by (4) we obtain directly from the definitions that for any directions
(q, u) ∈ Rl × Rn

DM(p̄, x̄ , 0)(q, u)

= ∇pH(p̄, x̄)q +∇x H(p̄, x̄)u + DN̂Γ(x̄ ,−H(p̄, x̄))(u,−∇pH(p̄, x̄)q −∇x H(p̄, x̄)u),

and for any v∗ ∈ Rn

D∗M((p̄, x̄ , 0)(q, u, 0))(v∗)

=

[
∇pH(p̄, x̄)T v∗

∇pH(p̄, x̄)T v∗ + D∗N̂Γ((x̄ ,−H(p̄, x̄)); (u,−∇pH(p̄, x̄)q −∇x H(p̄, x̄)u))(v∗)

]
.
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Assumptions

In what follows we will assume that Γ = g−1(D), where g : Rn → Rs is twice
continuously differentiable and D ⊂ Rs is nonempty and closed. Further we impose the
assumptions

A1: ∃ a closed set Θ ∈ Rd along with a C2 mapping h : Rs → Rd and a neighborhood
V of g(x̄) such that

1) ∇h(g(x̄)) is surjective, and
2) D ∩ V = {z ∈ V |h(z) ∈ Θ}.

A2: rge∇g(x̄) + ker∇h(g(x̄)) = Rl .

Remark

Under (A1), (A2) the mapping N̂Γ(·) has a closed graph around x̄ and, given
x∗ ∈ N̂Γ(x) with x ∈ Γ close to x̄ , ∃ a unique λ ∈ ND(g(x)) such that

x∗ = ∇g(x)Tλ.
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Graphical derivative

Theorem 2.

Let (A1), (A2) be fulfilled, x̄∗ ∈ N̂Γ(x̄) and λ̄ be the (unique) multiplier satisfying

∇g(x̄)T λ̄ = x̄∗, λ̄ ∈ N̂D(g(x̄)). (5)

Then

Tgph N̂Γ
(x̄ , x̄∗) =

{(u, u∗)|∃ξ : (∇g(x̄)u, ξ) ∈ Tgph N̂D
(g(x̄), λ̄), u∗ = ∇g(x̄)T ξ +∇2〈λ̄, g〉(x̄)u}.

Corollary.
In the setting of Theorem 2 assume that D is convex and the projection operator PD is
directionally differentiable at g(x̄). Then

(∇g(x̄)u, ξ) ∈ Tgph N̂D
(g(x̄), λ̄)⇔ ∇g(x̄)u = P′D(g(x̄) + λ̄;∇g(x̄)u + ξ). (6)
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Graphical derivative and regular coderivative of N̂Γ

Definition ([MOR15b]).

A convex set Ξ ⊂ Rs satisfies the projection derivation condition (PDC) at z̄ ∈ Ξ if we
have

P′Ξ(z̄ + b; h) = PK (h) ∀ b ∈ NΞ(z̄) and h ∈ Rs,

where K = TΞ(z̄) ∩ [b]⊥.

Under PDC condition, posed on D at g(x̄), (6) amounts to

∇g(x̄)u = PK(∇g(x̄)u + ξ),

where K = TD(g(x̄)) ∩ [λ̄]⊥.

Theorem 3 ([MOR15a]).
In the setting of Theorem 2

N̂gph N̂Γ
(x̄ , x̄∗) = {(w∗,w)|∃v∗ : (v∗,∇g(x̄)w) ∈ N̂gph N̂D

(g(x̄), λ̄)}
w∗ = −∇2〈λ̄, g〉(x̄)w +∇g(x̄)T v∗

}
(7)

and for any w ∈ Rn

D̂∗N̂Γ(x̄ , x̄∗)(w) = ∇2〈λ̄, g〉(x̄)w +∇g(x̄)T D̂∗N̂D(g(x̄), λ̄)(∇g(x̄)w).
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Directional limiting coderivative of N̂Γ

Theorem 4.
In the setting of Theorem 2 assume that we are given a pair of directions
(u, u∗) ∈ Tgph N̂Γ

(x̄ , x̄∗). Then for any w ∈ Rn one has

D∗N̂Γ((x̄ , x̄∗); (u, u∗))(w)

= ∇2〈λ̄, g〉(x̄)w +∇g(x̄)T D∗N̂D((g)(x̄), λ̄); (∇g(x̄)u, ξ))(∇g(x̄)w),

where ξ ∈ Rs is the unique vector satisfying the relations

(∇g(x̄)u, ξ̄) ∈ Tgph N̂D
(g(x̄), λ̄), u∗ = ∇g(x̄)T ξ̄ +∇2〈λ̄, g〉(x̄)u.

Remark.
Setting (u, u∗) = (0, 0), we recover the formula from [OR11]

D∗N̂Γ(x̄ , x̄∗)(w) = ∇2〈λ̄, g〉(x̄)w +∇g(x̄)T D∗ND(g(x̄), λ̄)(∇g(x̄)w).
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Ad(iv) The new criterion

Theorem 5.

Let 0 ∈ H(p̄, x̄) + N̂Γ(x̄), assumptions (A1), (A2) be fulfilled and let λ̄ be the unique
multiplier satisfying

0 = L(p̄, x̄ , λ̄) := H(p̄, x̄) +∇g(x̄)T λ̄, λ̄ ∈ N̂D(g(x̄)).

Further assume that

(i) for any q ∈ Rl the variational system

0 = ∇pH(p̄, x̄)q +∇xL(p̄, x̄ , λ̄)u +∇g(x̄)T ξ
(∇g(x̄)u, ξ) ∈ Tgph N̂D

(g(x̄), λ̄)
(8)

has a solution (u, ξ) ∈ Rn × Rs;

(ii) M is metrically subregular at (p̄, x̄), and

(iii) for any nonzero (q, u), satisfying (with a corresponding unique ξ) relations (8), one
has the implication

0 ∈ ∇xL(p̄, x̄ , λ̄)T u∗ +∇g(x̄)T D∗N̂D((g(x̄), λ̄); (∇g(x̄)u, ξ̄))(∇g(x̄)v∗)
⇒ v∗ ∈ ker∇pH(p̄, x̄)T .

(9)
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Ad(iv) The new criterion

Then S has the Aubin property around (p̄, x̄) and for any q ∈ Rl

DS(p̄, x̄)(q)

= {u|∃ξ : (∇g(x̄)u, ξ) ∈ Tgph N̂D
(g(x̄), λ̄), 0 = ∇pH(p̄, x̄)q +∇xL(p̄, x̄ , λ̄)T u +∇g(x̄)T ξ}.

The above assertions remain true provided assumptions (ii), (iii) are replaced by

(iv) for any nonzero (q, u), satisfying (with a corresponding unique ξ) relations (8), the
left-hand side of (9) implies v∗ = 0.

Remark
Using the Mordukhovich criterion and the standard calculus with limiting objects,
implication (9) is replaced by [cf. M06]

0 ∈ ∇xL(p̄, x̄ , λ̄)T v∗+∇g(x̄)T D∗N̂D((g(x̄), λ̄)(∇g(x̄)v∗)⇒ v∗ ∈ ker∇pH(p̄, λ̄)T . (10)
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Ad(iv) The new criterion

Example.

H(p, x) =

[
x1 − p
−x2

]
, g(x) =

[
2x2

−x1

]
and

D is the Lorentz cone in R2. Further, (p̄, x̄) = (0, (0, 0)). Here, (A1), (A2), PDC at g(x̄)
and assumption (ii) are fulfilled. So, we may proceed as follows:

1◦ Analyze the appropriately simplified variational system (8) to verify assumption (i)
and to compute the critical directions (q, u) together with the respective vectors ξ;

2◦ To examine implication (9) for all triples (q, u, ξ). This step requires the
computation of the directional limiting coderivative of the projection onto D.

In this way we conclude that all conditions of Theorem 5 are fulfilled and hence the
respective S does have the Aubin property around (p̄, x̄). However, implication (10)
does not hold. 4
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Ad(v). Conclusion

We investigated the Aubin property of a class of parameterized GEs. To this purpose
we derived a new formula for the graphical derivative of N̂Γ for the considered Γ under
weakened assumptions. Further, we have established a chain rule for the directional
limiting normal cone to Γ. On the basis of these results we obtained eventually a new
sharp criterion which may be used for a broad class of constraint sets Γ provided the
parameterizations are non-ample. This class includes, for instance, conic programs
with Lorentz or Löwner cones.

Helmut Gfrerer 1, Jiří V. Outrata 2 17 / 18



References

[G11] Gfrerer: 1st and 2nd order characterizations of metric subregularity and
calmness of constraint set mappings, SIOPT 21(2011), 1439-1474.

[GO16] Gfrerer, JVO: On Lipschitzian properties of implicit multifunctions.
SIOPT 26(2016), 2160-2189.

[GO17] Gfrerer, JVO: On the Aubin property of a class of parameterized
variational systems. Submitted to MMOR.

[GM11] Ginchev, Mordukhovich: Directional subdifferentials and optimality
conditions. Math. Res. Rep. 89(2011).

[M06] Mordukhovich: Variational Analysis and Generalized Differentiation I.
Springer 2006.

[MOR15a] Mordukhovich, JVO, Ramiréz C.: 2nd-order variational analysis in conic
programming with application to optimality and stability. SIOPT
25(2015), 76-101.

[MOR15b] Mordukhovich, JVO, Ramiréz C.: Graphical derivative and stability
analysis for parameterized equilibria with conic constraints. SVVA
23(2015), 687-704.

[OR11] JVO, Ramiréz C.: On the Aubin property of critical points to perturbed
second-order cone programs. SIOPT 21(2011), 798-823.
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