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An inverse problem is like solving an enigma

" The best recipe for the detective novel: the detective must never
know more than the reader” Agatha Christie

A 9 B Cause > Effect DIRECT
B 9 A Effect > Cause INVERSE
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Inverse Cause Effect Function
From the effects
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— Two examples of inverse problems:

TEHORETICAL BASIS... THIS PRESENTATION
IN PRACTICE... SESSIONS WITH JUPYTER NOTEBOOKS AND PYTHON

1. Radon transform and X-ray tomography

2. Bringing a blurred image into focus using
its singular value representation
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biomedical imaging techniques: physics
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X-ray attenuation

credit: Samuli Siltanen

the
Mmeasurent
log(ly/11)

s the integral
of the
attenuation
along the

line

The Shepp-Logan phantom: Larry Shepp and Benjamin F. Logan for their 1974 paper The Fourier Reconstruction of a Hea



Intensity decay... AI e Iout —_ I’L
is proportionaLto AI — —a(ﬂj)IACC
attenuation, thickness

and intensity... dI

The infinitesimal change... - — _a(x)I
gives by d.fU

Integration

on lines
the solution: I = IO €exXp _/ a
L

L : line from zg to x

/ 1
a=—In—
L Iy

so the sum over
lines can be measured

Beer's law

(monochromatic, X-ray beam
no refraction or diffraction)
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CT — scanner image? = sinogram (Radon

transform)

Mathematical
tool:

the inverse
Radon transform

credit: Samuli Siltanen



Principle of
Com_puted
Tomography:

Projections
U

How to recover
the attenuation
from sum of lines?
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Backprojections
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Backprojection:
effeci=ef=aim increasing
number of projections

original (axial view)

magic!



Deconvolution
S

original (axial view)

backprojection filtered backprojection

Source:
http://www.perlproductions.at/index.php?choice=referenz&lang=en&id=15
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— |n our case...

1111000000000000 34 arg min ||A37 — b||2 « Matriz magica extrafa
0000111100000000 1 34 x

0000000011110000 s 34

0000000000001111 T3 34 \ 16 |15 |-10| 13
1000100010001000 4 34 - eI
0100010001000100 Ts5 34 Without regularisation )

0010001000100010 6 34 21l 61710
0001000100010001 z7 34

1000010000100001 zs || 34 41321
0001001001001000 zo | = | 34

0100100000000000 10 8

0010010010000000 T11 21

0010000100000000 T12 10 . ,
0100001000010000 13 26 arg min ||A:E — b”2 + )\||g;||2 « Matriz magica de Durero
0000000000010010 T4 2 T

0000000100100100 15 30

0000000010000100 T16 24 6131213
0000100001000010 25

\ With regularisation IO B

Ax:b O




The ubigquitous least squares

solution...

Ax =b ,
Lir;ear system \ arg mil'l ||A1L' - b”
solution €T

At Ax = A% "
\ /property...
r=(AA)TTAD
—————

AT Pseudo-inverse of Penrose



Property proof: version without/with
— regqularisation pardmetro de

regularizacion (no negativo)

arg m{}nﬂAm —b||* + \||Lz |i
J(x)
4 _ o (Az—b, A6z) + A(Lz, Léx) = 0
da (At(Az — b) + A\LtLz,57) = 0
(A*A+ AL'L)x = A%
Without regularisatior/ N4 With regularization
r=(AAN)TTA'D g = (AA'+ ALYL)1AYD

-~

AT
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Bayes's theorem gO| ﬂg beyOﬂd

arg max p(y|z) = arg max p(z|y)p(z)

1 1 £ —1
= arg max @niRl exp (—§(A:1: —y)'R™ " (Ax — y))
Regularisation parameter ~ ~~ ~ -
(scalar/diagonal case): L(z)=p(y|z) model/data-consistency distribution
2 L eVt B (e —
\ — O'R (o) % |B] exp( 2(x xp)'B™ (x — xp)
O-g ﬂ(w):p(w) prior distribution
1 1
= argmin ~ (Az — y)' R~ (Az —y) +=(z — 2)' B~ (x — )
Analysis variance: R z 2 2
P—l — B—l + AtR—lA (1) ML estimator, least squares solution, data consistency

(2)
MAP estimator, BLUE (Best Linear Unbiased Estimator) data assimilation,
Kalman analysis, Minimum Variance, Regularised Least Squares



2. Bringing a blurred
image into focus
using its singular
value representation
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Singular Value Decomposition S — diag(o:)
- (SVD) and image compression S.n;larvalfs ’
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Singular Value Decomposition (SVD)

A=imread('dog.png');
X=double(rgb2gray(A)); % Convert RBG->gray, 256 bit->double.

n = size(X,1); t
m = size(X,2); —

figure('Color', 'white') —

subplot(1,4,1)

1magesc(X), axis off, axis equal, colormap gray

riginal\n size %dx%d\n dim = %d\n 100%%',n, m, n*m),'FontSize',20);

[U,S,V] = svd(X, 'econ');
1=1,;

for r=[5 20 100]; % Truncation value

i=i+l;
Xapprox = U(:,1:r)%S5(1:r,1:r)%V(:,1:r)"';
subplot(1,4,1)

imagesc(Xapprox), axis off, axis equal, colormap gray
title(sprintf('original\n rank=%d\n dim = %d\n %2.0f%%"',r, (2xn+1)*r,100x(2*n+1)*r/n/m), 'FontSize"',20);
end



original
size 1152x818
dim = 942336
100%

original original original

rank=5 rank=20 rank=100
dim = 11525 dim = 46100 dim = 230500
1% 5% 24% range

aproximation

r=3
»~

Small singular values
contribute to the
details of the image

USV?

Large singular valuescontribute
to the structure of the image




singular value

Singular values ordered
from highest to lowest on a logarithmic scale

10°

There are singular values
very small...
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Example adapted from: Steven L. Brunton, J. Nathan Kutz. Data Driven Science &
Engineering. Machine Learning, Dynamical Systems and Control, 2017



Singular value decomposition
- (SVD) for linear system

vector
nm X 1

Note: you must Mc.)del. \A —_— b/
torise th (diffusion, x e

vectorise the convolution)

image X as a

vector x, the same Solution

for the data image (Origina[ imageA _|_ 5 — b _I_ 5b
B as a vector b vectorized) '/'E x
\ error in \

error in data

data (blurred image)

—

"reshape” nxXm

solution

Both properties indicate that small singular values
(high frequencies) will lead to a
poor approximation of the solution x

SVD's properties:

A — USVt M
iz _ o1 [ 41 _ g =3 L

lzll — om |I0]

conditioning and error A inverse (if it were invertible)




Solution: truncated SVD (TSVD) and Tikhonov

Truncated sum

Two alternatives for
range of the
filtering high / 9¢ ©
. :r truncation
frequencies
high frequencies ]_

~ o~
T~ A'b = vi—urb, r<<m
f t Z Yoy

Approximate Truncated 1= ].
solution pseudo-inverse
1 2

a:ngbiv,,;—uﬁb di = — Z)\2
7

1 X O; X 1
1= factor attenuates high regularisation
or filter frequencies parameter



AT = (AtA)_lAt
Explanation:SVD -
(remember that U = (VSU'USvVYH)~'vsU*

and V are unitary =VS—*VVSU*

matrices, their — VSt
inverses are their

Valid even if A is not
traﬂSVGFSGS) — E ’U@—u Is not invertible, not even

square! AtA must be
. invertible otherwise it must |
Valida regularise

solosiAes s~ — A_

cuadrada e invertible

"Rule of thumb": in reality, to solve a linear system in practice
NEVER invert the matrix of the system
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thanks for your attention!
now the practice....



